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ABSTRACT
PLASTO-HYDRODYNAMIC DIE-LESS STRIP DRAWING
A H MEMON
A detailed investigation is carried out for a novel process of die^less 
strip drawing, in which conventional reduction dies have been replaced 
by a die-less reduction unit having a rectangular hole of stepped con­
figuration. The smallest hole dimensions are larger than those of the 
incoming strip, thus eliminating direct metal to metal contact and 
hence the problem of die-friction and consequential die wear. The 
strip is plastically deformed' by means of the combined effect of the 
hydrodynamic pressure and drag force generated in the unit due to the 
mdtlornrf"tne strip through a~poTymer_melt.
(^An extensive experimental study has been undertaken, whic^showed that 
higher reductions were achieved at slower drawing speeds tHfch gradual 
decrease in reduction at higher drawing speeds. The maximum reduction 
in area of the strip noted was_ about 12%. Various parameters were 
changed to examine their effects on the performance of the process.
Theoretical analyses have been developed considering Newtonian and non- 
Newtonian characteristics of the pressure medium. These -analyses 
enable the predictions to be made ofQiie pressure distribution ,Ywithin 
the reduction unit7)/ori-set of plastic yielding of the strip marerial, 
shear and axial stresses, and the percentage reduction in strip size.w 
The~anaiyses incorporate critical ^ shear stress limit Jof the polymer 
melt, the strain hardening and the strain rate sensitivity of the strip 
material.
The predicted results for the percentage reduction in strip size appear 
to under-estimate the esqperimental values at the slow drawing speed and 
over-estimate them at the higher drawing speed.
f
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CHAPTER 1
. INTRODUCTION
1.1 The Drawing Process
In the conventional cold drawing process, the reduction in area of 
wire, strip or tube is achieved by pulling the material through a 
shaped die. Normally, conical shaped dies are used for wire and 
tube and wedge shaped dies are used for strip drawing. The minimum 
size of the die is always smaller than the incoming material and 
the die acts primarily to reduce the material to a specific size.
In the drawing process, metal to metal contact takes place causing 
friction and ultimately reduction in the die life due to wear. To 
minimize wear, lubricants are used which are vitally important in 
the metal forming process. Effective lubrication results in a 
reduction of friction coefficient, with consequential reduction in 
the force and power requirements. Most metal deformation 
processes are performed predominantly with boundary lubrication. 
The film is extremely thin and the large pressures cause contact 
between a large number of asperties, hence friction always exists 
in conventional metal forming processes.
Several methods have been described in plane strain strip drawing
to determine the friction coefficient and effect of lubrication.
(1)Fukui et al developed an apparatus to measure the friction 
coefficient directly during the metal strip drawing process. They 
used parallel dies with a tapered plug and an average coefficient 
of friction was determined by measuring normal force and friction 
force. The aim was to study the effects of various factors such 
as the type of lubricant, strip material, drawing speed, surface
1
finish of the die and work material on the friction coefficient. 
Their work had shown that friction coefficient was dependent on 
the drawing speed and on the type of lubricant. It was found that 
in most cases an increase in speed caused a reduction in friction 
coefficient for lubricants of low viscosity or of inferior 
lubricity such as spindle oil. No general rule for the correla­
tion between the kind of speed dependence or strip material had 
been established. The experimental results also showed that 
friction coefficient was primarily dependent on surface roughness. 
A decrease in friction coefficient was observed, with increasing 
roughness of strip surface, and with the dies of smoother surface.
(2)Lancaster and Rowe conducted experimental work to study the 
influence of lubrication upon cold drawing using wedge shaped dies 
and a plug bar arrangement. Their work was divided into two parts. 
The first part related to the evaluation of a soft solid lubricant 
that could be passed through the die with the work material. They 
found that the film thickness depended upon the lubricant, surface 
finish of the specimen and the geometry of the dies. They con­
cluded that with angles up to 10° the regime was one of thin film 
type, provided that the surfaces of the specimen were grit 
blasted. With a specimen of smooth surface finish the regime of 
lubrication was predominantly of boundary type. The quantity of 
the lubricant passing with the specimen was found to be strongly 
dependent on the die angle. The second, part of their work
presented a comparison of experimentally measured coefficient of
(3friction and drawing stress with the existing drawing theories '
4 5) (6)' . Sheet drawing tests were carried out by Kudo et al to
investigate cold forming friction and lubrication. They carried
out experiments with aluminium and copper sheets at speeds ranging
from 0.2 to 3000 mm/s, using various lubricants, with an apparatus 
which enabled them to record separately the tangential and normal 
loads at the die surface. They presented experimental results 
showing the dependence of friction coefficient on reduction, speed 
and lubricant.
(7)Wilson and Cazeault used a split die arrangement to measure
friction at the workpiece-tooling interface in strip drawing.
They investigated different combinations of lubricant, die-angle,
reduction, speed and strip orientation to determine the influence
of each factor on the frictional conditions. They found that the
friction was strongly affected by the geometry of the process
whereas the drawing speed and orientation of the strip had little
/ o \effect on friction. Rao et al carried out esqperiments for the 
plane-strain strip drawing process using transparent sapphire
dies. The aim of their work had been to gather a reference 
collection of experimental data covering parameters such as die 
angle, speed, back tension and interface friction variations.
Transparent dies had been used so that the interface displacements 
could be observed directly and the relative velocities determined. 
The principal objective of velocity measurement was to provide
boundary condition information at the tool interface and be used 
in theoretical models, to calculate interface friction in place of 
an assumed coefficient of friction. A numerical solution was
(9)presented and the predicted values were compared with
experimental data of reference
To meet industrial demands of high speed drawing, researchers had 
concentrated their studies on the drawing of different metallic 
sections at high speeds. Parsons et a l ^ ^  presented a paper
3
giving a feasibility report on high speed impact drawing. In 
their work they analysed the process theoretically considering the 
mechanics of the deformation of the bar and the dynamics of the 
process. A brief description of experimental results in bar 
drawing was presented.
(11)Baxter carried out work on high speed drawing of strip and 
tube. A major portion of his work related to the drawing of strip 
at high speed through wedge shaped dies. In his work he observed 
the presence of hydrodynamic lubrication at high speeds. He also 
developed an expression to evaluate the lubricant film thickness 
with the aim of investigating theoretically the presence of hydro- 
dynamic lubrication during drawing.
(12)Devenpeck and Rigo reported the development of a research
apparatus which was basically a combination of a laboratory 
rolling mill and a specially designed die-block. The apparatus 
was used to perform high speed drawing tests of thin strip. This 
set up enabled them to carry out experimental studies in drawing 
long lengths (1.5 km) of thin strip at high speeds (0.5 to 6.1 
m/s). They conducted tests with tin plated steel strip using two 
lubricant fluids in addition to the tap water and studied the 
effect of different parameters such as speed, cumulative length of 
strip, and reduction on process friction factor and wear.
1.2 Hydrodynamic Lubrication
The attendant die wear gave impetus to consideration of the 
possibility of maintaining full film lubrication, which, if 
perfectly realized would minimize the coefficient of friction and 
the tool wear. Therefore, attempts have been made to make use of 
hydrodynamic lubrication in the drawing process. Among the first
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investigations in this respect was that carried out by
(13)Christopherson and Naylor' in connection with wire drawing. A 
long close fitting pressure tube attached to the inlet of a 
conventional die was used. Oil was used for lubrication. As the 
wire was pulled through the tube and die, high pressures were 
generated in the lubricant by viscous action. Experimental 
results showed that hydrodynamic conditions were achieved under 
the designed conditions. A simplified analysis of the lubricant 
flow in the tube, assuming isothermal conditions, was presented. 
Their theoretical analysis for the inlet tube configuration was
extended, together with considerations in deformation zone, by
(14) (15)Tattersal and by Osterle and Dixon .
(16)Cheng presented a theory of plasto-hydrodynamic lubrication
for rolling of strip taking into account thermal, plasticity and
(17)lubricant aspects. Bedi analysed wire drawing through a
conical die assuming complete hydrodynamic lubrication enabling
the calculation of hydrodynamic film thickness and viscous
(18)friction coefficient. Bloor et al produced a theoretical
analysis for elasto-plasto-hydrodynamic lubrication for strip
drawing through wedge shaped dies taking account of the elastic
component in the strip at entry and exit to the die, and the
pressure-viscosity characteristics of the lubricant. It was shown
by comparing the magnitude of the predicted lubricant film thick­
ness that hydrodynamic lubrication could be developed during the
process. Based upon the same work reported in ref (18), Dowson et 
(19)al presented an elasto-plasto-hydrodynamic lubrication
analysis for wire drawing process.
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Lancasterconducted high speed drawing tests,, with the object­
ive of determining the possibility of establishing hydrodynamic
lubrication without the use of pressure tubes or compound dies.
barsTests with aluminium (hard and soft) and low carbon steel/were 
conducted at drawing speeds up to 30 m/s. Lanoline and poly­
glycols were used as lubricants. The experimental results 
indicated that speed alone was not sufficient to allow hydro- 
dynamic films to be developed. It was observed that hydrodynamic 
films were possible but these depended on the properties of the 
material being drawn, the lubricant and the die angle. The con­
ditions required to maintain full separation between the workpiece
(21)and the tool were discussed and specified by Avitzur
An experimental study with cold sheet drawing through wedge shaped
(22)dies was carried out by Kudo et al to investigate plasto-
hydrodynamic lubrication in metal forming processes. A thermal 
rigid-plasto-hydrodynamic analysis was developed to calculate the 
average coefficient of friction over the die surface, the lubri­
cant film thickness and interface temperature. Theoretical 
analyses for hydrodynamic lubrication including thermal effects
for rolling and drawing through conventional dies had been
(23) (24)presented by Wilson and Mahdavian , Dow et al , Mahdavian
and Wilson^^ .
1.3 Plasto-hydrodynamic Die-less Drawing
To ensure stable hydrodynamic conditions the correct selection of 
the lubricant is particularly important. The viscosity character­
istics of the lubricant should be such that they provide laminar 
lubricant flow in the pressure tube and at the same time, maintain 
the requisite adhesion of the lubricant to the work material.
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Recently, investigations have been made towards finding alter­
native lubricants to those which are commonly in use. The use of
a polymer melt during drawing was introduced by Symmons et 
/20 27)al ' . Limited experiments were conducted to investigate the
/ 28}coating properties of polymer melt in wire drawing. Crampton
extended this work to study the lubrication ability of polymer
melt for wire drawing process by changing parameters such as the
polymer melt temperature, wire material and drawing speed. The
apparatus used for the above works was basically similar to that
used by Christopherson, except that polymer melt was used as the
(29 30)lubricating agent. Analytical solutions ' ' were presented
for the deformation process of wire taking into account, non- 
Newtonian characteristic of polymer melt, and the effect of strain 
hardening and strain rate sensitivity on wire material. On the 
basis of experimental evidence (ref 28) it was found that the 
deformation in the wire commenced in the inlet tube before it 
enters the die. Hence the die was of secondary importance and 
acted as a seal. It was postulated that the reduction in wire 
diameter could be achieved by using a polymer melt in conjunction 
with a tubular conical unit alone, the smallest bore size of which 
is greater than wire diameter. Furthermore, work carried out by 
Hashmi, Symmons and Parvinmehr( 3 1 - 3 3 ) using a stepped bore reduc­
tion unit with smallest bore larger than the incoming wire in 
place of a conventional reduction die showed that a reduction in 
the wire diameter could be achieved. Thus a new concept in draw­
ing was investigated and patented as ’Plasto-hydrodynamic Die-less 
Drawing’.
In this novel technique, the wire is pulled through a melt chamber 
filled with polymer melt and then through a stepped bore reduction
7
unit. The pulling action causes the gap between the wire and 
inner surface to be filled with polymer melt which in turn gives 
rise to drag- force and hydrodynamic pressure. The combined effect 
of these two parameters becomes sufficient to cause permanent 
deformation in the wire. The salient feature of the new process 
was that as the smallest bore size was larger than the incoming 
wire, no metal to metal contact took place which, as a result, 
eliminated the problem of wear. Hashmi and Symmons^34 33 ^ 
presented analytical and numerical solutions for a solid continuum 
pulled through a conical orifice filled with a viscous fluid. A 
non-Newtonian analysis for plasto-hydrodynamic die-less wire draw­
ing incorporating the limiting shear stress of polymer melt and 
the strain hardening and strain rate sensitivity of the wire
/gg\ (37)material, was produced by Parvinmehr et al . Panwher et al 
reported work carried out on the die-less tube sinking process and 
presented an analytical solution based upon Newtonian character-
/ 3Q \istics. Subsequently Panwher analysed the system taking
account of non-Newtonian characteristics of the polymer melt.
(39-41)Furthermore, Symmons et al presented analyses for the die-
less wire drawing process using a viscosity-pressure and 
viscosity-temperature relationship of exponential form. Their aim 
was to examine individually the effect of pressure and temperature 
on polymer melt viscosity and consequently on the performance of 
the process.
1.4 Present Work
From the discussions in the foregoing section it is evident that
much work has been done for the wire drawing process; for both
the conventional die set-up and unconventional arrangement where
experimental and theoretical results are available.
8
The literature for strip drawing reviewed in the previous section 
describes the following characteristics in general,
(a) determination of friction coefficient and its dependence on 
the parameters of the process,
(b) evaluation of the lubricant film thickness, to predict the 
presence of hydrodynamic lubrication,
(c) all the investigations are related to the use of the conven­
tional wedge shaped dies.
The aim of the present investigation is to apply the novel tech­
nique of die-less drawing reported in references (33, 38) to strip 
drawing with the objective of defining the process and to develop 
a theoretical model as a means for predicting the effects of 
different parameters involved in the process.
Initial experimental studies on the new system showed positive 
results. However, plane strain conditions were not observed, as 
the strip is reduced in both thickness and width. An extensive 
experimental study has been undertaken to investigate the effects 
of various parameters on the performance of the process.
The objectives of the present project are:
(i) to study the effects of the geometry of the die-less reduc­
tion unit on pressure distribution, drawing stress and 
attainable reduction in strip size,
(ii) to study effects of drawing speed and polymer melt tempera­
ture on the performance of process,
(iii) to develop a mathematical model for the prediction of
various parameters involved in the process such as pressure
distribution, initiation of yielding, product size and the 
drawing stress,
(iv)
(V)
to examine the correlation between experimental and 
theoretical results,
to assess the feasibility of the process in comparison with 
the conventional process.
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CHAPTER 2
DESIGN AND DEVELOPMENT OF THE EXPERIMENTAL EQUIPMENT
2.1 Description of the Existing Rig
The test apparatus was originally commissioned for tube sinking 
and was modified to facilitate the present work.
It is a chain type draw bench made by Marshal Richards Barco shown 
in Figure 1 and Plate 1. The maximum length that can be drawn is 
8 ft (approx 2.4 m). A variable speed electric motor made by
Crofts (11 KW/415 V/3 Phase/50 Cycles) with integral speed gear 
unit made by Ronald power transmission (GM6T ratio 47.08) drives 
the chain sprocket. The output speed of the unit being variable 
between 0.1 to 0.5 m/s.
The test rig consists Of a dog clamp fitted with a spring loaded 
hook which can slide freely between rail guides and can be engaged
or disengaged to the running chain by a lever. At the far end of
the bench an emergency ramp is bolted which disengages the dog 
clamp from the chain. A strain gauge load cell with maximum 
capacity of 40 kN is also fitted and connected with a load 
indicator. The die-less reduction unit is bolted to the hinged 
die-plate which rests against the load cell block.
2.2 Modification to the Existing Rig
To accommodate the coil of strip and guide the undrawn strip
properly into the reduction unit the following devices were added 
to the existing rig. An integral part (Plate 2) was designed and 
fabricated. It consists of a circular disk for the accommodating 
strip coil and a set of rollers to keep the strip centralized and 
guide it while being fed into the system.
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2.3 Design of the Die-less Reduction Unit
It was extremely difficult to machine a stepped rectangular hole 
in a solid piece of material to accommodate the strip and there­
fore it became necessary to manufacture the unit in split form.
Again due to the stepped configuration it was not practicable to 
produce the required hole by using two blocks. Different methods 
were considered to get the required shape of the hole. Two 
methods were selected for the fabrication of the unit. In one 
method the unit had to be made into three blocks, see Figure 2, in 
which one part has the dimensions of the channel before the step 
while the other part has those after the step. The two blocks are 
clamped with bolts at the end and finally bolted to a third block 
having a projected portion for the provision of the step. The 
second method was to make two main blocks with housings to 
accommodate two separate inserts machined to the required geo­
metrical configuration as shown in Figure 3.
As the pressure generated is of high magnitude, the major problem 
was one of sealing at the edge of mating parts in order to prevent 
any leakage during drawing. The latter design was selected (to 
make the units for conducting the experimental work) for ease of 
machining. This allowed variation in geometrical configuration 
easier by making modifications to the inserts only.
All the parts of the unit were made from steel (EN8), by milling 
and grinding operations. Initially the blocks were milled to 
rough size close to the final dimensions and finally ground 
precisely to the required dimensions with a tolerance of ±.002 mm. 
The inserts were made to a press fit in the housings and in the 
first instance copper seals were used between the inner mating
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surfaces of the block and inserts to prevent leakage. Afterwards 
it was found that if the inserts were machined to a good press fit 
then it was not necessary to use the seals. Therefore for 
subsequent work, inserts were made to a press fit. This saved 
considerable time in producing a reduction unit by eliminating the 
process of machining V-grooves for copper seals. The two blocks 
were bolted together tightly. Provisions were made in the unit to 
fit five pressure transducers, two at the top face and three on 
one side to record the generated hydrodynamic pressure. Two holes 
were also drilled for inserting two thermocouples to monitor the 
temperature of the unit. The detailed drawing of the unit is 
given in Figure 4. A heater band was clamped to the unit to heat 
it to a pre-set temperature.
2.4 Melt Chamber and Hopper
To carry sufficient quantity of polymer melt for a full set of 
tests, a melt chamber and hopper was designed as shown in Plate 3. 
The hopper facilitated feeding of polymer granules into the melt 
chamber and served as a reservoir. Heater bands were used for 
heating the melt chamber and the hopper and the temperature was 
controlled thermostatically. The melt chamber was bolted to the 
entrance face of the unit.
2.5 Instrumentation
In order to determine the feasibility of the system and the 
correlation between theoretical and experimental results a number 
of equipments and devices were used to monitor, control and record 
various parameters during the drawing tests. These included 
heater bands, temperature controllers, thermocouples, pressure 
transducers, charge amplifiers, UV recorder and load indicator.
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2.5.1 Heater Bands
Watlow ring type heater bands were used for heating the melt
chamber and the hopper (Plate 3). The dimensional details are:
ID Width Volts Watts
(mm) (ram)
70 38 240 400
A pair of L-type heater bands was used for the Unit (Plate 3) with
dimensional details as follows:
Width Length Volts Watts
(mm) (mm)
50 70 240 320
2.5.2 Temperature Controllers
An electronic On-Off teirperature controller relay (type K) encased 
in a 48 x 48 DIN standard case, with a graduated scale marked 
0-400°C was used to maintain the pre-set temperature. This unit 
is designed to be used with nickle-chrome/nickle-aluminium type K 
thermocouples to monitor temperature. A relay changeover contact 
within the unit operates at a pre-determined temperature 
previously set by a potentiometer knob mounted on the face of the 
unit. Two LEDs mounted in the unit indicated supply and relay 
status. The temperature controllers are shown in Plate 4.
2.5.3 Thermocouples
To monitor the temperature continuously, inconel sheathed mineral 
insulated, 1.5 mm O.D, thermocouples shown in Plate 5 were used. 
These thermocouples have an operating temperature range -200° to 
+1100°C with a response time of 0.3 sec.
2.5.4 Pressure Transducers
Commercially available high pressure Piezo-electric quartz trans­
ducers (Kistler type 6201 and 6203) were used to measure the
14
generated hydrodynamic pressure during the drawing tests. The 
operating capacity of these transducers is., maximum pressure of 
5000 bar and a maximum temperature of 240°C. To prevent leakage 
of the polymer melt, metal rings were used while mounting the 
transducers on the unit. The arrangement of the transducers on 
the unit is shown in Figure 4 and Plate 5. The output from the 
pressure transducers was fed into ultra violet (UV) recorder via 
charge amplifiers, shown in Plate 4.
2.5.5 Load Indicator
The Elliot load indicator (type BCF/2), shown in Plate 6, was used 
to indicate the drawing load. It is an electronic instrument 
operating in conjunction with resistance strain gauge load cell. 
The installation forms a closed control loop incorporating a self 
balancing load to reference error signal system. It consists of a 
circular graduated scale, the load being indicated by a mechanical 
pointer. The movement of the pointer is linear and proportional 
to the changes in load applied to the load cell. The circular 
scale is graduated from 0-40 kN with a minimum scale of 0.2 kN.
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Plate Spacers Inserts
(a)
Main Blocks
/
(b)
FIG 3: PHOTOGRAPH OF THE DIE-LESS REDUCTION UNIT
(a) DIFFERENT COMPONENTS OF THE UNIT
(b) ASSEMBLED VIEW
20
£ i
3
’ 5153 S
rf — -1---1-
1 !
«  H
“T
Al
e>in
cnsoHCOE
HQ
no0 noVO no 0• cd noVO 0 idrH P 043 u-©• +J sift +>0 o —0 c ftTO p s 0 ftw d) 0o no no 0CM u d) no0 »0 TS o■p c id ▼H voCM • • e <d 0• o pCM H o ^  s: in inU ft 4->-e- -&• (1) -©- -e-CO (D COw m o 'd (i) CO Ui0 0 i—i rH 0 0i—i rH 0 ^ 0 rH rHo 0 si • si 0 0Si si t-« si sir-l ^CM1 CO1 CM| i
rH rj pi j-(d cd id 0
F^~
A
rt CMJZCMT-rrrv
4
t
1
- I 3 3 -
v f '
- 4 ? $ -
t# 
%
r#
- H I t
-,<4vH 5 P /r’i i _ljj4____
—  h a - *
j
<f>CN
ooCM
in
'4-
o«COICM
£CM♦
21
FIG
 
A:
 
DE
TA
IL 
DR
AW
IN
G 
OF 
DI
E-
LE
SS
 
RE
DU
CT
IO
N 
UN
IT
PLATE 3
e 3 T A j q

CH
AR
GE
 A
MP
LIF
IER
S
PLATE 4
a :LUo
o coLJLU
O d
>ZD
23
*  3TAJq
20UJQ20OL_JLU20
<cz

THERMOCOUPLES
PLATE 5
24
g 3 T A j q

PLATE 6
25
6 3 T AJ S
Q>O
l_LU
Q>0 1 

CHAPTER 3
EXPERIMENTAL MATERIALS
3.1 Rheology of Polymer Melts
3.1.1 Introduction
In this novel process molten polymer was used as the pressure 
medium. The polymers used in the present study were low density 
polyethylene (Alkathene WVG23) and ELVAX650. Limited experiments 
were conducted on a Devenport extrusion rheometer to determine the 
initial melt viscosity and other rheological characteristics 
related to the present set-up. Figures 5 and 6 show the results 
of rheological behaviour of the melt at different temperatures and 
shear rates.
The rheological results were found to conform to a cubic non 
linear equation of the form 
t + Kt3 = ny
where
 
 = Shear stress
y = Shear rate
K = Non-Newtonian factor
(i = Initial viscosity of polymer melt
3.1.2 Rheological Behaviour
Polymers consist of long molecules built up by successive linking 
of monomers (mostly made by chemical bond between carbon and 
hydrogen atoms) into chain or network structures. The small 
molecules are not bonded chemically but lie close together and 
forces that operate between these are known as Van-der-Waal1s 
forces. Molecules of long chain polymers slide past each other
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under a shear force above a glass transition temperature ie the 
material is capable of flowing and such materials are known as 
thermoplastics, whereas polymers with strong cross linked 
structures are generally known as thermosetting polymers.
The rheological behaviour of polymer melts and solutions is 
complex and there is no usable constitutive equation that 
describes quantitatively all the flow phenomenon involving polymer 
melts. Hence it is customary that only those equations which are 
related to the problem on hand are used for predicting the various 
flow aspects of polymers. It is generally agreed that viscosity 
has a dominant effect on the flow of any fluidic medium. There­
fore it is important to determine the viscosity of the fluid and 
examine the parameters which influence the viscosity.
In the present study the polymers used are in the melt condition 
at certain temperatures, and at certain shear rates dependent upon 
the velocity of the strip. The factors affecting the viscosity of 
the polymers are temperature of polymer melt, pressure and induced 
stress and strains.
3.1.2.1 Viscosity-Temperature Dependence
The viscosity of a polymer melt is temperature dependent, being 
lower at higher temperatures, at a given stress level. Attempts 
have been made to obtain a fundamental explanation of the differ­
ence in temperature dependence of viscosity between different 
polymers. Several empirical treatments for developing master 
curves have also been published (42-44). These publications 
indicate that the temperature dependence of viscosity is purely a 
function of the melt temperature and the glass transition tempera­
ture of the polymer melt. For polymers far above the glass
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transition temperature or melting point, the viscosity may be 
related by an Arrhenius equation of the form
\ i = k exp (E/rt) (3.1)
where
p,' is melt viscosity
k, at a given shear stress is constant characteristics of 
the polymer and its molecular weight 
R, gas constant
The activation energy, E, is generally in the range between 2.09 x 
107 to 2.09 x 10^  joules/Kg mole (45).
William, Landell and Ferry^4^  showed that viscosity, p, of a
polymer melt at a given temperature, T, may be related to its
viscosity, pQ, at an arbitrary reference temperature, To, and
could be e^ qpressed by the universal WLF equation
r-8.86 (T - To) , (3.2)
^ = ^oeXp [ 101.6 + T - To1
The WLF equation is applicable over the temperature range of To ±
50°. An alternative equation of viscosity-temperature dependence
is given by
r-17.44 (T - Tq), (3.3)
11 = ^Tg [ 51.6 + T - Tg 1
where
Tg, is glass transition temperature of the polymer melt 
p.^ , is the melt viscosity at temperature Tg.
In general, the WLF equation begins to fail as a valid representa­
tion of viscosity-temperature dependence in the temperature region 
Tg + 100, and in some high region the behaviour becomes Arrhenius 
in form.
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Another empirical equation often used for melts (47) is 
-bT
\ i = a e (3.4)
where a and b are constants.
The data (48) indicating the temperature dependence of the melt
viscosity at constant stress and pressure are presented in Figure
7. From Figure 7, it can be seen that viscosity of low density
polyethylene decreases by a factor of 3 when increasing the
temperature by 40°C. The melt viscosity temperature dependence
resulting from Figure 7 could be expressed by,
-aT
\.l = \ i Q e  (3.5)
where
|i, is melt viscosity
is initial viscosity at a reference temperature 
a, is constant for a given polymer and its value varies 
from 0.02 to 0.1.
3.1.2.2 Viscosity-Pressure Dependence
If the pressure is applied to the melt there is a time dependent 
decrease in volume which has the effect of producing a higher 
viscosity in the melt. The effect of hydrostatic pressure on the 
apparent viscosity is not as well understood as the effects of
(49)temperature and shear rate. Maxwell and Jung studied the
effect of hydrostatic pressure on melt viscosity of branched poly­
ethylene and polystyrene at constant shearing stress. They 
conducted experiments between 0 to 24,000 Psi (165 MNm-2) and 
experimental results showed that the apparent viscosity of poly­
ethylene increased 14-fold in this pressure range and that of 
polystyrene increased by 135-fold when the pressure was increased 
from atmospheric to 18000 Psi (124 MNm-2).
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(50-51)Westover reported that the higher molecular weight poly­
ethylene (low melt flow index) increases more in viscosity with 
pressure than do the lower molecular weight (high melt index) of 
the same density or density range. He measured apparent viscosity 
of several polymeric materials between atmospheric pressure and 
25000 Psi (172 MNm-2), at fixed temperature and shear stress. He 
showed that the apparent viscosity of polyethylene increased by a 
factor of five when hydrostatic pressure was changed from 2000 psi 
to 25000 psi (13.8 to 172 MNm-2). It was noted that polypropylene 
responded in the same way as did the polyethylene. The viscosity
of polystyrene increased over 100-fold as hydrostatic pressure was
(52)increased from 2000 to 25000 psi (13.8 to 172 MNm-2). Choi 
determined that the apparent viscosity of polyethylene (9.95 gg/cc 
density and 0.4 melt index, at 190°C and 7.12 sec 1) was increased 
nearly four fold as the average pressure in the barrel was raised 
from atmospheric to 24000 psi (165 MNm-2). Data (48) indicating 
the pressure dependence of melt viscosity at constant stress and 
temperature are presented in Figure 8.
The influence of the pressure on viscosity is quantitatively 
similar but opposite in sign to that of temperature. The suitable 
way of representing that dependence is to describe a temperature/ 
pressure equivalence (48). Figure 9 shows the effect of an 
increase in pressure in terms of equivalent drop in temperature 
necessary to maintain constant viscosity.
3.1.2.3 Effect of Shear Rate on Viscosity
Polymer melt is non-Newtonian in behaviour and its viscosity is 
also affected by shear rate. The apparent viscosity decreases as 
the rate of shear increases. Figure 10 presents shear viscosity
30
data for five materials at their normal processing temperatures. 
Figure 11 demonstrates the variation in apparent viscosity with 
temperature and shear rates.
3.1.2.4 Flow Instabilities
When polymer melts are subjected to higher rates of shear a con­
dition of slip occurs and several kinds of flow instability can 
develop. The magnitude of shear stress at which this flow 
instability occurs is called the critical shear stress. Different 
kinds of defects occur due to flow instabilities, two main defects 
are known as shark skin and melt fracture. The two defects are 
distinguishable by the characteristic ridge like structure running 
transversely to the flow direction in shark skin, whereas melt 
fracture gives helical or irregular patterns.
Several workers (53-59) have studied to elucidate the melt flow 
instabilities and there is general agreement on the following 
points:
(i) instability sets in at a critical value of shear stress,
(ii) critical shear stress has values in the region of 0.1 to
1.0 MN/m2 for most polymers,
(iii) critical shear stress does not vary widely with tempera­
ture,
(iv) a discontinuity in the slope of viscosity-shear stress 
occurs,
(v) the flow defects occur when non-Newtonian fluids were 
involved,
(vi) the flow defects are often associated with die-entrance and 
surface finish.
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3.2 Stress-Strain Characteristics of the Strip Material
Copper strip of two aspect ratios were used for the experimental 
work. The stress-strain characteristics of the strip material 
were determined by performing plane-strain compression tests, so 
that the data could be used in the theoretical analysis. The 
compression test specimens were lubricated during the test to 
minimize frictional effects. Figures 12 and 13 show the stress- 
strain curves of the materials tested. The stress-strain curves 
were fitted to take the form
The values obtained for the experimental material are listed
n
where
Y q  = initial yield stress 
K = strain hardening constanto
e = natural strain
n = strain hardening index
below
Material I
W1 = 12.7 mm t1 1.59 mm
y =75 MNm-2 K = 600 MNm-2 n = 0.6o o
Material II
= 19.1 mm t1 1.59 mm
y = 78 MNm-2 K = 554 MNm-2 n = 0.54o o
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FIG 10: TYPICAL CURVES OF APPARENT SHEAR VISCOSITY
VS SHEAR STRESS FOR FIVE THERMOPLASTICS (AT ATMOSPHERIC 
PRESSURE) (REFERENCE 48)
A - LOW DENSITY POLYETHYLENE AT 170°C 
B - PROPYLENE/ETHYLENE COPOLYMER AT 230°C 
C - ACRYLIC AT 230°C 
D - ACETAL COPOLYMER AT 200°C 
E - NYLON AT 285°C
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DEPENEE.NCE OF THE APPARENT SHEAR VISCOSITY OF 
A LOW DENSITY POLYETHYLENE 
(ALKATHENE XDG33, ATMOSPHERIC PRESSURE) 
(REFERENCE 48)
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CHAPTER 4
EXPERIMENTAL RESULTS
4.1 Experimental Procedure
The experimental procedure involved passing of strip between 
guiding rollers and feeding a sufficient length through the melt 
chamber and the reduction unit to facilitate gripping by the dog 
clamp. The melt chamber and hopper were then filled with a 
quantity of polymer granules sufficient to carry out at least one 
set of tests. Five pressure transducers were mounted on the 
reduction unit, three for recording the pressure in Section A and 
the other two for Section B. The melt temperature was set on the 
temperature regulator and the heater bands were switched on. The 
equipment was left for 1| hours to reach the steady state 
temperature condition. The temperature was monitored and con­
trolled thermostatically. The motor was started and the required 
speed was obtained by adjusting the regulating knob, the other 
instrumentation was also switched on. The charge amplifiers for 
the pressure transducers were switched to the long time position 
and the paper drive on the UV recorder was set in motion before 
engaging the dog clamp to the running chain. While drawing the 
strip the drawing load was noted from the load indicator and when 
about 2m length of the strip was drawn the dog clamp was dis­
engaged from the chain. The UV paper drive and charge amplifiers 
were switched back to their original position. The test number 
and drawing load were recorded on a data sheet, the same number 
was noted on the UV paper for subsequent collection and analysis. 
An identification tag was also placed on the drawn strip. The
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speed of the motor was then increased in suitable steps and the 
procedure was repeated for each increment. When analysing the 
experimental data the traces on the UV paper were measured and 
recorded on the data sheet. The drawn strip was measured for both 
thickness and width at three different positions after peeling off 
the coating, in order to calculate the reduction in strip size.
4.2 Experimental Results
Experiments were carried out ’systematically, by changing the 
geometry of the unit and melt temperature, at different drawing 
speeds varying between 0.1 and 0.5 m/s to investigate the effects 
of these factors on the process. The geometry of the unit was 
varied by altering,
(a) width B of inserts to get the variation in gap h3 in the
Section B,
(b) dimension D to get different values of gap hi and hence gap
ratios h1/h2,
(c) length Lx to obtain different length ratios h i / h 2 .
Two kinds of polymers, [low density polyethylene (Alkathene WVG23) 
and ELVAX650], and strip of two different widths (12.7mm and 
19.1mm) were used to examine the effect of working fluid and 
aspect ratio respectively on the process parameters. The melt 
temperature was also varied to study the effect of melt viscosity. 
For every test the pressure, drawing load and the reduction in 
strip size were recorded. Dimensional details of the inserts of 
the die-less reduction unit used for the tests are shown in the 
schematic diagram shown below:
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Schematic Diagram of the Insert
Dimensions of the units employed for tests were:
To examine the effect of gap h3;
hi = 0.2mm h2 = 0.02mm 
*
L 1 = 150mm L2 = 30mm
h3 = 0.50 0.22 , 0.13 and 0.04 mm
To examine the effect of gap ratio hi/h2; 
h2 = 0.02mm h3 = 0.133mm
Lx = 150mm L2 = 30mm
hx = 0.2, 0.3, 0.4 and 0.5mm.
To study the effect of length ratio Li/L2; 
hi = 0.3mm h2 = 0.02mm
h3 = 0.133mm L2 = 30mm
h 1 = 130, 150 and 169.5mm
The experimental results obtained are presented in this section in
graphical form for convenience. A full discussion on these
results is presented in Chapter 7.
4.2.1 Percentage Reduction Versus Speed
Figures 14 to 24 show the effect of gap h3 on percentage reduction 
in thickness, width and area of the strip against the drawing
speed.
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Figures 14 and 15 give the percentage reduction in thickness and 
width of 12.7mm wide strip when WVG23 was used at temperatures 
130°C and 150°C respectively. The reductions were found initially 
to increase up to a certain value of speed for both temperatures. 
Further increase in speed caused the reductions to decrease. This 
trend was found for all gaps. The maximum reductions of 7.4% in 
thickness and 4.6% in width were observed with a small gap of 
0.04 >mm at a speed of 0.2 m/s, which fall to 5.6% in thickness 
and 4.0% in width at a higher speed of 0.5 m/s at a melt 
temperature of 130°C. A marked difference was observed for 
measured percentage reductions in thickness at lower temperature, 
which showed no significant difference for the three gaps of 
0.22 , 0.13 and 0.04 mm, at speeds up to 0.2 m/s. It is evident 
from the curves for the two gaps of 0.13 and 0.04 /mm that the 
percentage reduction in thickness is not significantly different.
The results obtained using ELVAX650 at temperatures of 140°C and 
170°C are presented in Figures 16 and 17. The general trends were 
found to be the same as in Figures 14 and 15. A noticeable 
difference was the level of reductions in width. This polymer 
produced higher percentage reductions in width (typically 5.5% in 
width and 6.3% in thickness at 0.3 m/s) as compared to those 
obtained using WVG23 (typically 4.26% in width and 6.4% in 
thickness at 0.3 m/s). A maximum reduction of 6.3% in thickness 
and 5.5% in width were observed, using gap h3 = O.C'4 ■ mm, at speed 
of 0.3 m/s which decreased to 4.8 per cent in thickness and 4.8% 
in width at higher speed of 0.5 m/s. The effect of gap h3 on 
percentage reduction in thickness at lower temperature was found 
to be similar to that observed with WVG23.
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Figure 18 shows the reductions measured for the strip, 19.1mm 
wide, using WVG23 at 130°C. The results obtained with ELVAX650 at 
140°C are presented in Figure 19. These results indicate the same 
trends as observed with narrow strip (Figures 14 to 17). It was 
noticed that when ELVAX650 was used the observed percentage 
reduction in width was approximately of the same magnitude for 
both gaps.
Figures 20 to 24 show the measured percentage reduction in area 
for the two strips with two polymers at various temperatures. 
These results show similar trends to those observed in Figures 14 
to 19. A maximum reduction in area in excess of 11% was noted for 
the lower temperature of the polymer melt and gap of h3 = 
0.04 mm.
Figures 25 to 36 demonstrate the effect of the gap ratio hi/h2 on 
the observed percentage reductions in thickness, width and area of 
the strip with the two polymers at different melt temperatures.
Figures 25 and 26 show the results giving percentage reduction, in 
thickness and width of the narrow strip with polymer WVG23 at melt 
temperatures of 130°C and 150°C respectively. It was observed 
that initially an increase in gap hx caused an increase in the 
reductions. The reductions were found to increase with speed and 
eventually reached a maximum at a certain speed. Further increase 
in speed caused the deformation of the strip to reduce. A maximum 
reduction in excess of 8% in thickness and 4% in width was 
measured with gap ratio of 15 at melt temperature of 130°C. The 
percentage reduction in width was found to be approximately of 
same magnitude beyond the speed of 0.35 m/s for all gap ratios.
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The results obtained by using polymer ELVAX650 at temperatures of 
140°C and 170°C are plotted in Figures 27 and 28 respectively. 
These results show similar behaviour to those given in Figures 25 
and 26. It was also noted that with this polymer the resulting 
percentage reduction in width (typically 5.48% in width and 8.1% 
in thickness) was greater compared to that obtained with polymer 
WVG2.3 (typically 4.48% in width and 8.3% in thickness) for same 
gap ratio, a pattern which has been observed for the results with 
gap h3. Maximum reductions of 8.1% in thickness and 5.7% in width 
were attained with a gap ratio of 15 at melt temperature of 140°C.
Curves giving the percentage reduction in thickness and width for 
the strip, 19.1mm wide, with two polymers at different tempera­
tures are shown in Figures 29 and 30. These figures show similar 
trends as observed with narrow strips. There was a marked 
difference between the percentage reduction in size achieved with 
the two sections of the strip. It was found that smaller percent­
age reductions were obtained when wider strips were used.
The measured percentage reduction in area for the two strips with 
two kinds of polymers at different melt temperatures are plotted 
in Figures 31 to 36. Maximum reduction in excess of 12% for the 
strip, 12.7mm-wide, and in excess of 10% with wider strip was 
observed at a temperature of 130°C using a unit with the gap ratio 
of 15.
Figures 37 to 40 show the effect of length ratio on percentage 
reduction in the size of the strip against the drawing speed.
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Figure 37 shows the curves for the results obtained by using three 
different length ratios with WVG23 at 130°C. It was observed that 
more reductions occurred when length ratio of 5 was used. At the 
speeds higher than 0.2 m/s, similar percentage reductions in 
thickness were measured for the two length ratios of 4.33 -and 
5.65. In addition, no significant difference in percentage reduc­
tion in width was observed beyond the speed of 0.4 m/s with all 
the length ratios.
Figure 38 shows the graphs for the results obtained with polymer 
ELVAX650 at 140°C, using the reduction units with three different 
length ratios. The trend of the results was found to be similar 
to Figure 37. It was noticed that similar percentage reductions
were obtained with the two length ratios of 4.33 and 5.65 at slow
drawing speeds up to 0.2 m/s. Higher percentage reductions were 
observed with length ratio of 5. The measured percentage 
reductions in width were found to be greater compared to those 
obtained with WVG23.
The effect of length ratio on the total percentage reduction in 
area for the two polymers is demonstrated in Figures 39 and 40. 
The general trends of the results were consistent to those 
observed in Figures 37 and 38.
Figures 41 to 46 present the effect of melt viscosity on the
reductions in the strip size with the two polymers for the two
strips.
Figure 41 shows the percentage reduction in thickness and width of 
12.7mm wide strip, using WVG23 at 130°C, 150°C and 180°C with 
constant gap and length ratios. At all speeds larger reductions
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were obtained at the lowest temperature of 130°C and as the
temperature was increased the percentage reductions reduced by 
about 50% at higher temperature of 180°C.
Figure 42 shows the curves for percentage reduction in thickness 
and width of the strip 12.7mm wide, using ELVAX650 at temperatures 
of 140°C, 150°C and 170°C. Higher reductions in the strip size 
were observed at melt temperature of 140°C, and the percentage 
reductions were found to reduce by about 25% when the melt 
temperature was increased from 140°C to 170°C, at the drawing 
speeds greater than 0.25 m/s.
Similar graphs for 19.1mm wide strip using WVG23 as pressure 
medium at temperatures of 130°C, 150°C and 180°C are represented 
in Figure 43. Again higher percentage reductions were observed at 
low melt temperature, ie 130°C.
Figures 44 to 46 demonstrate the effect of viscosity on the
percentage reduction in area for the two sections of the strip 
with the polymers WVG23 and ELVAX650.
Figures 47 to 50 illustrate the effect of aspect ratio on the
percentage reduction in the strip size against the drawing speed. 
Figures 47 and 48 give the percentage reductions in the thickness 
and width of the strip with the polymers WVG23 at 130°C and
ELVAX650 at 140°C respectively. The effect of the aspect ratio on 
percentage reduction in area is given by Figures 49 and 50 for the 
two polymers.
It was observed that maximum percentage reductions were obtained 
with the strip of small aspect ratio over the whole range of 
drawing speed.
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FIG 17: EFFECT OF GAP h3 ON PERCENTAGE REDUCTION IN
(a) THICKNESS (b) WIDTH 
FOR STRIP OF ASPECT RATIO 7.98 WITH ELVAX650, 170°C
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FIG 18: EFFECT OF GAP h3 ON PERCENTAGE REDUCTION IN
(a) THICKNESS (b)WIDTH
FOR STRIP OF ASPECT RATIO OF 12.01 WITH WVG23, 130°C
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FIG 19: EFFECT OF GAP h3 ON PERCENTAGE REDUCTION IN
(a) THICKNESS (b) WIDTH 
FOR STRIP OF ASPECT RATIO 12.01 WITH ELVAX650, 140°C
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FIG 26: EFFECT OF GAP RATIO ON PERCENTAGE REDUCTION IN
(a) THICKNESS (b) WIDTH 
FOR STRIP OF ASPECT RATIO 7-98 WITH WVG23, 150°C
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FOR STRIP OF ASPECT RATIO 7.98 WITH ELVAX650, 140°C
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FIG 28: EFFECT OF GAP RATIO ON PERCENTAGE REDUCTION IN
(a) THICKNESS (b) WIDTH 
FOR STRIP OF ASPECT RATIO 7-98 WITH ELVAX650, 170°C
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FIG 29: EFFECT OF GAP RATIO ON PERCENTAGE REDUCTION IN
(a) THICKNESS (b) WIDTH 
FOR STRIP OF ASPECT RATIO 12.01 WITH WVG23, 130°C
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4.2.2 Results of Pressure
Hydrodynamic pressures were measured for the two sections A and B, 
by means of pressure transducers mounted on the reduction unit. 
The results are presented in two sections,
(a) measured pressure near the step versus speed,
(b) pressure profiles in the unit.
Numbers alongside the curves on each figure refer to the locations 
of the pressure transducers as shown in Figure 4.
(a) Pressure near the step versus speed
Figure 51 illustrates the variations in the measured hydrodynamic 
pressure near the step in two sections, for the drawing units 
having different values of gap h3, when WVG23 was used at 
temperature of 130°C as pressure medium. These results showed 
that pressures generated in the two sections followed the same 
trend. The pressures in Section B were noted to be slightly 
smaller compared to those in Section A. Higher pressures were 
recorded for smaller gap of 0.13 ^ mm and 0.04 ,/mm in the two 
sections (A and B) and the measured pressures were found to be 
approximately of same order with the two gaps.
Figure 52 shows the effect of gap h3 on the pressure in two 
sections, when WVG23 was used at a melt temperature of 150°C. 
Measured pressures for Section B were found smaller compared to 
those for Section A. At higher gaps the differences were 
significant and the minimum pressure measured in Section B at 
speed of 0.5 m/s for the gap of 0.50 mm was found to be 
approximately 50% of the pressure measured in the Section A for 
the same gap and speed. Higher pressures were measured for the 
small gap of 0.04 mm, which were found to give similar trends to
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those shown in Figure. 51. No significant change was noticed in 
the measured pressures at speeds in excess of 0.3 m/s. The 
pressure was found to remain fairly constant at higher speeds when 
gaps of 0.0A , 0.13 and 0.22 mm were used.
Figures 53 and 54 show similar curves for the polymer ELVAX650 at 
temperatures of 140°C and 170°C respectively. The pressures 
measured with this polymer showed similar trends to those observed 
with WVG23. Higher pressures were recorded for smaller gap of 
0.04 mm.
Figure 55 demonstrates the variations in the pressures against 
drawing speed using WVG23 at 130°C for different gap ratios. 
Pressures measured for Section B were found to be smaller compared 
to those measured for Section A. It was noticed that gap ratio 
has little effect on the pressure and the measured pressure was 
found to be fairly constant at higher drawing speeds.
The effect of gap ratio on the pressure variations using polymer 
WVG23 at temperature of 150°C is shown in Figure 56. At this 
temperature constant pressures were recorded at speeds in excess 
of 0.3 m/s in Section A. Pressures recorded for Section B, using 
higher gap ratios of 15 and 20 were found to be of the same 
magnitude.
Figure 57 shows the effect of gap ratio on the variations in the 
pressure versus speed using ELVAX650 at 140°C. It was noted that 
pressures of approximately the same magnitude were generated- with 
higher gap ratios of 15 and 20, at all speeds in Section A and at 
speeds greater than 0.2 m/s in Section B.
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Figure 58 gives the graphs for pressure variations with speed for
different gap ratios, when polymer ELVAX650 was used at
temperature of 170°C. The gap ratio was found to have a little 
effect at this temperature. The measured pressures were found to 
be approximately of the same magnitude for three gap ratios over 
the whole range of speed in Section A and at speeds greater than 
0.2 m/s in Section B.
The effect of length ratio on the variation in pressure near the 
step when WVG23 at 130°C was used as pressure medium is shown in 
Figure 59. These results show that recorded pressures were of the
same order at all the drawing speeds.
It was also observed that, generally the magnitude of the 
pressures measured near the step remained fairly constant for 
speeds higher than 0.3 m/s.
(b) Pressure Profiles in the Unit
Figures 60-63 show the pressure profiles along the unit in Section 
A, at typical two drawing speeds demonstrating the effect of gap 
h3 and h^ when WVG23 at 130°C was used as the pressure medium. In 
all the cases measured pressures were found to increase from the 
entry point towards the step. The maximum pressure near the step 
was found to vary between 76-110 MNm-2.
Figures 64-67 are the plots of profiles for Section A, determined 
by using polymer ELVAX650 at 140°C for two different drawing 
speeds. Similar trends were observed to those shown in Figures 
60-63. The maximum readings were noted near the step in all cases 
and the magnitudes of the maximum pressure near the step were 
found to be between 65-110 MNm-2.
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4.2.3 Drawing Stress versus Speed
Drawing load was recorded from the load indicator connected to the 
strain gauge load cell. The results are presented in terns of 
drawing stress.
Figures 68 and 69 show the variations in drawing stress with speed 
using WVG23 at temperatures of 130°C and 150°C for the different 
values of gap h3. These results indicate an increase in drawing 
stress with an increase in drawing speed up to a certain speed and 
then a decrease for the further increases in drawing speed. Beyond 
the drawing speed of 0.3 m/s the magnitude of the drawing stress 
was determined to be similar with all of the gaps for the polymer 
temperature of 150°C. The maximum drawing stress (about 50 MNm-2) 
was noticed at a drawing speed of 0.2 m/s, at a temperature of 
130°C and (about 23 MNm-2) at the speed of 0.25 m/s for the melt 
temperature of 150°C,' when a gap of h3 = 0.04 ^mm was used.
Figures 70 and 71 present the drawing stresses measured with 
ELVAX650 at temperatures of 140°C and 170°C. The general tendency 
of the curves was found to be similar to the results obtained with 
WVG23. With this polymer a maximum value of drawing stress (about 
52 MNm-2) was noticed at a drawing speed of 0.4 m/s for a gap of 
h3 = 0.50 mm and at speed of 0.3 m/s for the other three gaps 
(about 55-60 MNm-2), at temperature of 140°C. Drawing stresses 
measured for strip of larger width with the two polymers using 
reduction units of different values of gap h3 are plotted in 
Figures 72 and 73. Higher drawing stresses were noted for gap of 
0.13 ran.
Figures 74 and 75 show the variations in the drawing stresses for 
various gap ratios when WVG23 was used as pressure medium at
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temperatures of 130°C and 150°C. It was observed that the drawing 
stresses of approximately the same order were produced with the 
gap ratios of 10 and 20 at temperatures of 130°C and with gap 
ratios of 15 and 20 at temperatures of 150°C. These results 
showed similar trends to those shown previously; higher drawing 
speeds produce lower drawing stresses. Maximum drawing stress 
(about 51 MNm-2) was noted at speed of 0.25 m/s and temperature of 
130°C, for gap ratio of 15.
The effect of gap ratio on the drawing stresses using polymer 
ELVAX650 at temperatures of 140°C and 170°C is demonstrated by 
Figures 76 and 77. A noticeable difference was marked at melt 
temperature of 140°C when a gap ratio of 15 was used, and the 
drawing stresses were found to increase at higher speeds and 
maximum drawing stress (about 77 MNm-2) was noted at drawing speed 
of 0.5 m/s. The general trends were observed to be the same as 
those in Figures 74 and 75. Figures 78 and 79 present the results 
when strip of large aspect ratio was drawn. The drawing stresses 
produced by using WVG23 at temperature of 130°C are shown in 
Figure 78 and those produced by using ELVAX650 at 140°C are shown 
in Figure 79. The maximum drawing stresses were noted with a gap 
ratio of 15.
Figures 80 and 81 illustrate the effect of length ratio on drawing 
stresses using WVG23 at 130°C and ELVAX650 at 140°C respectively. 
It was found that general trends remained the same as were noticed 
previously. The maximum drawing stresses were observed for the 
length ratio of 5 with both polymers.
Figure 82 shows the variations in the drawing stress with speed 
for 12.7mm wide strip with WVG23 polymer at three different
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temperatures (130°C, 150°C and 180°C). This figure shows that the 
minimum drawing stress was noted at lower viscosity ie at higher 
temperature. At the temperature of 130°C, generally higher 
drawing stresses were noted and as the temperature was increased 
the drawing stress was reduced by about 50% at melt temperature of 
180°C for the same drawing speed.
The effect of viscosity on drawing stress for strip of small 
aspect ratio versus speed with ELVAX650 at melt temperatures of 
140°C, 150°C and 170°C is demonstrated in Figure 83. Higher
drawing stresses were observed at melt temperature of 140°C.
Figures 84 and 85 show the effect of viscosity on drawing stress 
for wider strip using WVG23 (130°C, 150°C and 180°C) and ELVAX650 
(140°C, 150°C and 170°C) respectively. The higher drawing
stresses were noted at the lower melt temperatures for each 
polymer. When polyethylene WVG23 was used it was observed that 
two temperatures (150°C and 180°C) have little effect on the 
drawing stress. Similarly ELVAX650 at temperature 140°C and 150°C 
showed no significant difference in drawing stress at speeds in 
excess of 0.3 m/s.
It was also observed that generally the drawing stresses produced 
by ELVAX650 were relatively of higher magnitudes to those when 
WVG23 was used as the pressure medium.
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4.2.4 Determination of the Deformation Profiles
The process was deliberately stopped, by disengaging the dog clamp 
while the strip was being drawn, to examine the deformation 
profiles of the strip undergoing the drawing process. The strip
was marked at the inlet of the melt chamber and pulled out for
investigations.
The thickness of the strip was measured at 5mm intervals with a 
point micrometer until a change in thickness was noticed. Then 
the thickness was measured at 2mm intervals. This test was
repeated at different drawing speeds, using WVG23 at a temperature 
of 130°C and ELVAX650 at temperature of 140°C. Results are shown 
in Figures 86 and 87, which clearly exhibit the shapes of the
effective die profiles formed in the unit.
Figure 86 shows three deformation profiles for strip drawn at 
three different speeds, using WVG23 at 130°C as pressure medium. 
The yielding point of the material was found to be at about 120mm 
from the entry point at a drawing speed of 0.2 m/s. The position 
of yielding at drawing speed of 0.1 m/s and 0.3 m/s was found to 
be at 125mm from the entry point.
The deformation profile using ELVAX650 at a temperature of 140°C 
and at a drawing speed of 0.3 m/s is shown in Figure 87. The 
deformation was found to commence at 90mm from the entry point.
128
LT>
ce
■ CO
m
CL
>-
o d
- -d*
LlJLJ
O  *< - Ovl J—
V)
to o
VOCO
o
o- QDLOinLO LOvO
muj SS3NMDIH1
129
in
iijc
CL
OCO
CLLUI—00 in
CL
LU
oCL
LULJ
<
00
o
in
m
o
o<-
oLOvOX<c>Jw
acHM
wuMk-lOccCL
soMH
sccoCljwQ
c—CO
oMIL
inin in in
UJUI SS3NMDIH1
130
CHAPTER 5
THEORETICAL ANALYSIS ,
5.1 Introduction
Several mathematical models have been presented for plane-strain 
strip drawing as reviewed in Chapter 1, with the objectives of 
determining the friction coefficient, evaluating drawing stress 
and the drawing limit. Theoretical and experimental treatments 
have also been carried out to observe the effectiveness of 
different lubricants and calculation of film thickness during the 
deformation process so as to predict the presence of hydrodynamic 
lubrication. All these works were related to the use of conven­
tional reduction dies. Theoretical solutions for a new plasto- 
hydrodynamic die-less drawing process were presented (reference 31 
to 41) for a circular cross-section workpiece.
In the present study a theoretical analysis has been conducted for 
die-less drawing of narrow strips of rectangular cross-section. 
The analysis is aimed at understanding the- mechanics of the 
process and to establish the expressions for determining the 
various parameters involved in the process.
5.2 Analysis
The schematic diagram of the process is shown in Figure 88. The 
process can be divided into three zones shown in Figure 88a. The 
three zones are named as the inlet, deformation and exit zones.
Inlet zone; this zone extends from the entry point to the point 
where deformation commences. In this zone the material is assumed 
to be rigid and the polymer melt is dragged into the space between
131
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the workpiece and the unit causing the generation of hydrodynamic 
pressure.
Deformation zone; where the workpiece deforms plastically. This 
zone extends from the point of yielding to the step where the 
deformation is assumed to cease.
Exit zone; this zone extends from the step to the exit point. In 
this zone the, material again becomes rigid and the pressure falls 
to zero.
Figure 88c depicts a section of the process considered instant­
aneously in a plane. In order to establish a relationship for 
determining the hydrodynamic pressure, the considered section is 
subdivided into sections ’A' and 'B' . Initially each section is 
analysed individually and then integrated to form the final 
equations for the determination' of various parameters.
For an incompressible fluid flow, ignoring the inertia forces, 
Navier-Stokes equations are,
3x 3y 3z 
Section A
Considering a small element of the fluid, according to the geo­
metrical configuration and given notations,
+ . B2u + 32U + 92\i
ay ^(ax2 ay2 az2' (5.1)
And the continuity equation is given by
3v + 3u + 3w = 0 (5.2)
x, is the direction of flow
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y, the direction normal to the flow and to the width face 
of the strip
z, direction is large compared to the distance 'h-^ , between
the two surfaces (ie surface of the strip and the unit
wall).
For this configuration, in the steady state,
8 = 0, w = 0, u = 0, v = v(y)
8z
/and the continuity equation (5.2/) becomes,
8v = 0 /  (5.3)
3x
From equation (5.3) it is obvious that the velocity component is
independent of x. And the equations (5.1) reduce to
^  8p 82v [ j  (5.4)
8x ^8y2
8 P  = 0 (5.5)8y
8 P  = 0 (5.6)
8z
For a Newtonian fluid the expression for shear stress is,
Hr - x M  (5,7)?   ^- P3y
Combining equations (5.4) and (5.7),
fiEv = /^ X\ <5-8)8x 8y
Section B
In this section,
x, is the direction of flow,
z, is the direction normal to the flow and to the thickness face 
of the strip,
y, distance is large compared to the distance h3.
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In a similar way as for the Section A, it can be shown that in 
this section we obtain
LE = <5-9)ax ^az2
T av (s.io)
az
(a£, = (5.ii)'ax' vaz'
From the equations derived for Sections A and B, it can be 
observed that in the present situation, onedimensional_fluid flow 
can be considered. Therefore the Reynold's equation given below 
can be used as the basis for deriving the various expressions.
(“ 1^) =  (6vh) (5.12)ax V  ax' ax
Now referring to the geometrical configuration of the system, it 
is obvious that in Section A, the gap hxis varying in x direction, 
ie there is a converging fluid flow, which causes the generation 
of the hydrodynamic—pressure in this section. In Section B the 
gap, h3, remains constant all along the length hence, initially, 
no pressure is generated in this section. But once the pressure 
is generated in Section A and if we consider the taken section 
instantaneously in a plane, a hydrostatic condition can be assumed 
and therefore the generated pressure will be acting equally on all 
the sides of the strip. For determination of' different parameters 
in the analysis, the pressure and pressure gradient in Section A 
has been considered the same for Section B.
In general the following assumptions were made,
(i) The dominant flow of polymer melt is laminar and axial.
(ii) The pressure is generated in x direction and along the 
width face of the strip in Section A.
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(iii) The pressure acts equally in both sections.
(iv) Deformation occurs before the step and no deformation takes 
place after the step.
(v) Edge effects are negligible.
For a better understanding of the mechanics of the process and
formulation of the equations relating different parameters of the 
process, the analysis is carried out in five parts;
1 Determination of the maximum pressure in the inlet section
of the unit if no deformation of the strip takes place.
2 Prediction of the shear stress prior to deformation.
3 Prediction of the yielding point.
4 Hydrodynamic pressure and the axial stress in the deforma­
tion zone.
5 Prediction of the percentage reduction in strip size and
drawing stress.
As a first attempt, a model has been developed based on the 
assumption that the pressure medium is a Newtonian fluid, and is 
presented in the next section. An analysis incorporating non- 
Newtonian characteristics of the polymer melt will be presented in 
Chapter 6.
5.3 Newtonian Solution
In the formulation of different expressions, the following assump­
tions were made in addition to those described in section 5.2;
(i) The polymer melt behaves like a Newtonian fluid.
(ii) Isothermal conditions exist.
The analysis has been carried out in two modes;
(a) using an assumed deformation profile,
(b) numerical solution.
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It is well understood that after a certain value of shear stress, 
slip occurs at the interface of the polymer melt and the surface 
of the strip and has been discussed in Chapter 3. This property 
of polymer melt flow is also introduced in the present 
mathematical model.
5.3.1 Assumed Deformation Profile
5.3.1.1 Determination of the Maximum Pressure Prior to Deformation 
For Section A, integrating equation (5.4) w.r.t. y
1 ,8p .  ^ (5.13)v = —  + Cny + C_
2 [ i gx 2
where v is the velocity at any point in the flow, and Cx and C2
are constants of integration.
Inlet Zone
Applying boundary conditions that 
at y = 0, v = V 
and at y = hx, v = 0 
the values of constants C and C2 can be evaluated which on 
substitution equation (5.13) will give an expression for the 
velocity distribution in the inlet zone.
v ■ k  ‘ hlY> + V(1' (5'14)
The fluid flow in the inlet zone is given by,
Q 1 = /hiv dy (5.15)
Substituting for v from equation (5.14) into equation (5.15) and 
integrating gives;
o - _ kuL/JEx + (5.16)Ql ’ 12h(3x V  2
Similarly, the flow rate Q 2 in the exit zone in Section A is given 
by,
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Q2 = hzi/iEx + Vh2 (5.17)
1 2 \ i K d *  2 2
Now steady state flow of fluid gives,
^(Qi) = 0
In a stepped configuration the maximum pressure is at the step.
Let be the maximum pressure at step when no deformation takes
place, and it can be shown that;
.3p. _ Pm (5.18)
S x }l“ Li
/9£x = M  (5.19)
°X2 L2
For continuity of flow;
Qi = Q2 (5-20)
Substituting the respective values from equations (5.16), (5.17),
(5.18) and (5.19), simplification of equation (5.20) will give;
p_ = - h,) (5.21)
™  (hx3/Li + h23/L2)
5.3.1.2 Determination of the Shear Stresses in Sections A and B 
Shear stress at the surface of the strip along the width face in 
Section A for inlet zone is given by,
3v |
Tl =  ^9Y 1d Y  y = 0
substituting the value of 3v from equation (5.14), and for qjd from
8Y 3x
equation (5.18), shear stress in Section A for inlet zone is given 
by;
- _ /Pmx HY (5.22)1 2 ■(L1J " hjL
Similarly shear stress  2 in Section A for exit zone will be given 
by;
T 2 _ ;Pmx HY (5.23)" 2 V ‘ h 2
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With the assumption that the pressure gradient in Section B will 
be the same as in Section A, the equation for determining shear 
stress in Section B will be;
T = hi Pm HX (5.24)
3 2 k L 1 ) h3
5.3.1.3 Prediction of Yield Point
The principal stresses acting on the strip are;
ai= cix-l , a2 = -P],, a3 = -P3 
But P3 = PlA
° 2  = a3 = " pi
Substituting the values of principal stresses, Von-Mises yield 
criteria gives,
Pi + ax-j = yq (5.25)
Suppose yielding starts at a point, Xx distance from the entry of
the unit. The equilibrium of the forces in X-direction at this
point gives;
crxi Wi ti = 2r 1 Wi Xi + 2r 3ti X1 ,
2txXi 2T3Xt (5.26)
0X1 " t, + Wl
Also Pi _ Pm
xi Li
p - Kn (5.27)
Pl “ Li Xl
Substituting values from equation (5.26) and (5.27) into equation 
(5.25) and simplifying;
Yo (5.28)
Xl ■ (as + 21^ +lLi tj.
5.3.1.4 Hydrodynamic Pressure and Axial Stress in Deformation Zone 
Assuming deformation takes place linearly, so that film thickness 
'h' and 'h*1 at any point in the deformation zone, in Section A 
and Section B respectively, is given by;
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h .  =  h 1  +  bx (5.29)1 X
h*. = h_ + b*x (5.30)l 3
And the deformation profile may be described Jay;
t^ = t 1 ~ ) 2bx (5.31)
W± = Wx - }2b*x (5.32)
where b and b* are constants and give the slope of the deformation
line with x, in Section A and Section B respectively.
Applying the boundary conditions;
-A at y = 0, v = V,
—  " ' 1  —
^  and y = !k , v^ = 0.
(   -
The expression for determining the velocity of fluid^fjlow in the 
deformation zone, from equation (5.13), is given by;
v. = ^“( I ^ M y2 “ h -y) + V(1 - ? ) (5.33)l 2uv3x l jl2 ' v h.n l
The flow of polymer melt in the deformation zone, in Section A,
will be given by;
Q. = /hiv. dy o 1
n = 2lil / $ R \  + v hi (5.34)i “ 12pi l8x;i 2
Applying the steady state flow condition,
3“  (Q±) = 0 gives,
1- -3l!l(6nV) (5'35)3x l 3x iJ 3x 
Referring to Figure 88a;
= b9x
— [(^.h.3] = 6}iVb (5.36)3x 8x1 l
Integrating the above equation w.r.t.x 
(7^).h.3 = 6^Vbx + C_3 X 1  l 3
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Applying the boundary condition,
At X = 0, h. = h! and (|H)i = g*
Value of constant C3 can be determined which on resubstitution 
gives;
.9p. _  6uVbx [ Pm hi3 (5.37)
3x i (hi + bx)3 Li(hi + bx)3
Equation (5.37) gives the pressure distribution in the deformation
zone in Section A.
Using partial fractions and integrating equation (5.37),
v r  hi___________ 1____ , _ hi3Pm._____ 1____
i  ^ 2^b(hi + bx)2 b(hi + bx) Li 2b(hi + bx)2 h
(5.38)
Where C k is constant of integration and can be determined by 
applying boundary conditions,
At the point where deformation starts, 
x = 0, = Pi gives,
r -My + M  /*LL\ + ML
C “  -  L, Xl + Lx 2b + bh!
Substituting for into equation (5.38) gives,
p _ ---- fol _     + _ L_] + — [y  +   ]i b 2(hi + bx)2 (hi + bx) 2hx J Li1^  2b 2b(hx + bx)2j
(5.39)
Equation (5.39) is an expression for determining the hydrodynamic 
pressure in Section A along the x direction.
If h-L is replaced by lu, equation (5.22) will give an expression 
for calculating shear stress in the deformation zone for Section A 
ie,
T hl,3R (5.40)
i 2 'ax'i ” h.l
8PSubstituting the value of (— ). from equation (5.37) into equationqX 1
(5.40) gives,
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UV r . . Pmh i3 (5.41)T- = " 7 Z — L . v,'[4bx + h, + - ■]1 (hx + bx)21 1 2^ 1^
Now with the assumption that the pressure gradient in Section B
will remain the same as in Section A, it can be shown that the
shear stress in Section B in the deformation zone is given by,
* - (hg + b*x). 6nVbx Pm hT 3 1 _ nV (5.42)
Ti 2 (hx + bx)3 Lx (hx + bx)3-* (h3 + b*x)
Referring to Figure 89, the equilibrium of forces in the x
direction gives,
ax. W. t. = (ax. + dax.)(W. + dW.)(t. + dt.) + 2P. Sine-^ f ^  i i i  l i i i i l l 2Sine
dti dWi dWiW. + 2t. CosG W. + 2P* Sing — A .  t. + 2T* C0 3 0 ___ t.l i 2Sme i i 2Sing l i ^TSing l
Ignoring terms containing two or more than two smaller quantities 
simplifying the above equation we obtain,
j dt^^ , . dW^  , . _ , dt-; _ . dW-,-dax.--- ^(P. + ox.) - -^(P* + ax.) - r^ote-^ - TjCotg-^
1 1 1 - (4-43)
Referring to Figures 89b and 89c, and using equations (5.31) and
(5.32),
Cote = - .1 (5.44)
b
Cot3 = - 1 (5.45)
b*
Using the assumption that P* = P^ and applying Levy-Mises flow
rule it can be shown that (Appendix I),
dW-; = dt-; (5.46)
W. t.l l
and b* = mb (5.47)
where m is constant and equal to the ratio of initial width to the 
initial thickness ie m = Wi/tx
Now substituting for P* and dWi into equation (5.43) and applying
1 W.l
Von-Mises yield criteria that
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ax.
X
(a)
tudt
C7X1 + -*
dax_.
(c)
FIG 89: STRESSES ACTING ON A SMALL ELEMENT
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P. + ax. = Y. we get,1 1 1
■ dax. = - r^[2Y. + x.Cote + x* CotS] (5.48)1 t. 1 1 il x
Substituting values of Cot 0 and Cot3 from equations (5.44 and
5.45) respectively, equation (5.48) can be reduced to;
2bdx ... xi xi*, (5.49)dox. =  — --- — — -[ 2 Y i  -    r— —  ]l (tx - 2bx)1 b b*
Equation (5.49) is the governing equation to evaluate the axial
stress in the deformation zone.
Assuming the material property to be rigid non-linearly strain-
hardening expressed by,
Y. = Y + K e11 l o o
where,
e = 1
 ^ 21n(^ -1) [using equations A5 and A7, see Appendix I]
^i
Y. = Y + 2nK {ln(^)}n (5.50)i o o ' t:-i
S u b s t i t u t i n g  v a l u e s  f r o m  e q u a t i o n s  ( 5 . 4 1 ) ,  ( 5 . 4 2 )  a n d  ( 5 . 5 0 )  i n t o
e q u a t i o n  ( 5 . 4 9 )  w e  g e t ,
, _  _ 2 b d x _ r n r _. . _ n v  ri . t i ^ n .  1 u V
^ i  t x  - 2 b x  o  o { (t ± ) }  } "  b  { "  ( h x  +  b x ) 2
( 4 b x  +  h  +  _ I  { ( _  ( h 3 +  b * x )  6 ^ i V b x -----
{ 4 d x  n x  2 piVL i b *  2  ( h i  +  b x ) 3
  n
L ^ h x  +  b x ) 3 ( h 3 +  b * x )
S i m p l i f y i n g  t h e  a b o v e  e q u a t i o n  w e  g e t ,
,______________.___________ b x  d x   1 . TV r_______________ d x ______________ -
i  l { ( t x  -  2 b x ) ( h x  +  b x ) 2 } 2 { ( t x -  2 b x ) ( h x +  b x ) 2 }
,_______________ d x   . .____________b x  d x ____________ .
3 l ( t x  -  2 b x ) ( h x  +  b x ) 2 -* 4 l ( t x  -  2 b x ) ( h x  +  b x ) 3 '
( b 2 x 2 d x   .j _ ._______________ d x _____________
5 l ( t x  -  2 b x ) ( h x  +  b x ) 3 6 l ( t x  -  2 b x ) ( h x  +  b x ) 3 '
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, bx dx______  \  +  a  r ________ — _______  "i?t(t1 - 2bx)(hx + bx)3J sl(t1 - 2bx)(h3 + b*x)i •
* 5x1 < 5 -5 i )
where,
Ax = 8piV A2 = 2 ^ !
A3 = Pmh i3 A 4 = 6nVbh3
Lx b*
A5 = 6piV A6 = Pmhi 3h^b
b*Lx
A7 = Pmhi3 Aa = 2uVb
Lx b*
Aq = 4bY 3 o
Using partial fractions, equation (5.51) gives;
, _ ,________ 2ti_____________   ti_
i + 2h1)2(t1 - 2bx) (tx + 2h1)2(h1 + bx)
" (t! + 2h1)(h1 + bx)2}dx + (A2+ A3)((tl + 2hi)2(ti - 2bx)
+ (ti + 2hi)2(hi + bx) + (ti + 2hi)(hi + bx)2^ ^
+ (At* + A7){(tl + 2hi)3(ti - 2bx) + (ti + 2hi)3(hi + bx)
________ ti______________   hi  - _
(t2 + 2hx)2(hx + bx)2 " (t2 + 2h1)(h1 + bx)3i
+ A5{________iti2------   tif_______
l(ti + 2hi)3(ti - 2bx) (ti + 2hi)3(hi + bx)
_____ 2hi(ti + hi)____  ;_hjJ  , .
(ti + 2hi)2(hi + bx)2 (ti + 2hi)(hi + bx)3i
, r 8 4+  A g { ( t i  +  2 h i ) 3 ( t i  -  2 b x )  ( t i  + ' 2 h i ) 3 ( h i  +  b x )  
2 1
( t i  +  2 h i ) 2 ( h i  +  b x ) 2 ( t i  +  2 h i ) ( h i  +  b x ) 3 } d x
+  Afi/ —   +   — -----------------(b*tx + 2bh3)(t1 - 2bx) (b*tx + 2bh3)(h3 + b*x)J
r-i ti ,n 
1 „n+2, „ , (ti- 2bx)
+ A9{(TT 2bxj" + 2 bKo[-- (tl - 2bx) ]dx
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Simplification of the above equation gives,
„ dx _ r dx „ r dx
doxi = Bl{(ti - 2bx) + (hi +~bx)} + ("hi + ta)2}
n  ti n^_ dx n dx , r n(ti- 2bx) ,
+ (hi + bx)3 + (h3 + b*x) 6[ (ti - 2bx) ]
(5.52)
where,
_ 2tiAi+ 4(A2 + A3) 4ti(Ai* + A7) + 2ti2A5 + 8A6 
Bl " (ti + 2hi)2 (ti + 2hi)3
2bA8  ^ j.
+  A 9b*ti + 2bh3
= tiAi + 2(A2 + A 3 ) 2ti(Aif + A  7 ) + ti2As +4Ae
B2 (ti + 2hi)2 (ti + 2hi)3
_ A 2 + A 3 ~ Aihi ti(A»f + A 7) ~ 2A5hi(ti + hi) + 2A6
3 “ (ti + 2hi) (ti + 2hi)2
_ A 6 + Ashi2 - (Ah + A7)hi 
(ti + 2hi)
_ b*A8B 5 = (b*t 1 + 2bh )
Be = 2n+2bKo 
Integrating equation (5.52) w.r.t.x
. «i = ' 2b ln(tl ‘ 2bx) + b2 ln(hi + bx) - b(hl"+ too 
Bu + -fln(h3 + b*x)2b(hx + bx)2 b
. Bfi fin/ \'in+1 1 r (5.53)
+ 2b(n i l){ln(tr- 2te)J 5
Where C5 is the constant of integration and can be determined by 
applying the boundary condition that at the point where deforma­
tion starts,
x = 0, ox^  = 0x1
_ Bin B9-1 , B3 Bu Bqn ,
c* “ 5bln ti - b ^ n hl + bhi+ 5bh^ • b^ln h3 + 0X1 
Substituting the value of C5 into equation (5.53), we obtain;
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ox, = + + -I  2 b  t x - 2 b x  b  h i  b  h x h x +  b x
Mjirl--------1---- i + Ml in(h3 + b*x \
2 b  h 2 2 ( h x +  b x ) 2 b *  h 3 ;
Be „ . t, ,,n+1 . (5.54)2b(nV7)[ln(tr-7bx)] + °X’
5.3.1.5 Prediction of Reduction in Strip Size and Drawing Stress
Again using the Von-Mises yield criteria, the deformation will
continue when the equation,
P. + ox. = Y. = Y + K en (5.55)1 1 l o o
is satisfied.
It is assumed that the deformation ceases at x = - X^ , the
values of P^ and ax. are substituted into equation (5.55) from
equations (5.39) and (5.54) respectively. The parameter 'b' is 
the only unknown parameter for a given drawing speed and the 
geometry of the unit. Equation (5.55) may be iterated to establish 
the value of b. Once this value is established, the percentage 
reduction in strip size at any point for Xi<x<Li is given by,
PRT = (1 - |^) x 100ti
PRW = (1 - x 100 * (5.56)
PRA = (1 - | ^ )  x 100
And drawing stress is given by
ad = ax. + ax_ i 2
where,
_ 2tuL? 2t5L7 (5.57)
" t. W.i 1
T = P<h- . MZ1 2L„ h
T = Ellis. . HE2L, h5
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and I14 = h. - hi + h_, hs = h.* 1 2 1
Condition of Slip
As already described, at a certain value of shear stress, slip 
will occur at the interface of the polymer melt and the strip 
surface. When this condition occurs, then it is assumed that the 
pressure gradient, ie the value of maximum pressure prior to 
deformation at that particular speed, will remain constant for all 
values of speed beyond that particular value. Also the shear 
stress in both sections will remain constant during deformation.
With these assumptions the expressions for shear stress and 
pressure remain the same as derived in the previous section. 
These are listed below;
Tl _ hi Pm u V c  (5.58)2 L X hx
_ h!Pm uVc ( 5 . 5 9 )
T3 2Li h3
p _----  kl---------- 1---  + —L_ii b 2(h1 + bx)2 ( h 1 + bx) 2h1J
+  M r y  + hi. _  h i 2 ( 5 . 4 1 )Lx 2b 2b(h1 + bx)2
Where Vc is the speed at which shear stress reaches its critical
value.
The basic equation for axial stress in the deformation zone is
given by equation ( 5 . 4 9 )  and replacing t .  and t . *  by x and T *.X X c c
2bdx r„„ x c   c * ,  ( 5 . 6 0 )dax. = 7T----rr— r [2Y.-   rr]l (ti - 2bx) l b b*
Substituting for and integrating equation ( 5 . 6 0 )
ax. = - 2Yq ln(ti - 2bx) + }n+1
Tc ln(ti - 2bx) Tc* ln(ti - 2bx) . _ ( 5 . 6 1 )+ ------ —  +     + C6
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Applying the boundary condition that the at point where deforma­
tion starts
x = 0, ax^ = O K l f
Value of constant C .  can be determined which on back substitution6
gives,
. t, . . 2n+1Ko„ , t, . ,n+l ax. = 2Yq ln(ti + 7 T T " {ln<f1 - 2bx)}
+ ^ 2bx) ♦ ^  ln(tl ;i2bx) + ax, (5'62)
The equations for reduction in strip size, drawing stress and the
solution procedure are the same as for the previous section. The
speed at which slip will take place was determined when shear
stress Ti in Section A reached critical value  and the corres-c
ponding value of t3 was assumed to be the critical shear stress
 * in Section B. c
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5.3.2 Numerical Solution
The rate of straining also affects the level of yield stress of 
the material. To incorporate this effect into the analysis and
because of the mathematical complexity, the governing equations in 
the deformation zone have been solved using finite difference 
techniques. The equations before deformation takes place will be 
the same as derived in Section 5.3.1.
Consider two points in the deformation zone at a distance dx 
apart, (see Figure 89), assuming that deformation between these 
two points takes place linearly so that,
dt , . (5.1A)—  = constant = B dx
and dW 4- 4. 0* (5.2A)—  = constant = B* dx
Expressing equations (5.1A) and (5.2A) in finite difference form 
we get,
ti-i- ti
x. - X.l i-i
= B
t. - t.i-i l = BAx
t. = t. l i-i - BAx (5
Similarly
W. = W. - B*Ax (5.4A)l l-i
And
dh = 1 dt (5.5A)
2
dh* = 1 dW (5.6A)
2
Writing equations (5.5A) and (5.6A) in finite difference form and
simplifying gives,
h. = h. + 1  BAx (5.7A)i i-l j
150
The change in the area of strip will also cause the velocity to 
change in the deformation zone hence this was also considered.
By considering the continuity of flow of metal, it can be shown 
that the current velocity is given by (Appendix II),
Wi-1 ti-i (5.9A)
i i - i K W.t. '1 1
Substituting P^* = and applying Von-Mises yield criteria
P. + ox. = Y.,1 1 1
Equation (5.43) can be written in the form;
j dti._ dWi._ , _dti * . „dWi (5.10A)dox.   — Y .  — Y. - t. CotQ—r t* Cot3^ 77"l t. l W. l l t. l W.1 1  l l
Referring to figures 89b and 89c,
cote = —  (5'11A)dt.l
CotR _ 2dx (5.12A)
Cot3 ~ dW.I
Substituting values from equations (5.11A) and (5.12A) into
equation (5.10A) will give,
dti„ dWi_. 2Tidx 2^i*dx (5.13A)dox. = - -— Y. - -— Y .  7------ ---l t. l W. l t. W.1 1  1 1
The above equation in the difference form gives,
^i-l ' ti Wi-1 ' Wi... 2TiAx 2^i*Ax
®i-i - «i - - <--- 7 —  +  W .— )Yi ’ “7 ------ W .1 1 1 1
^i-l . Wi-1 . 2TiAx . 2Ti*Ax . (5.14A)ox. = (-r—  + — --- 2)Y. h  ---- + —  --  + ox. .l x t. W. ' i t .  W. l-lI I  1 1
Equation (5.14A) is the equation for determining the axial stress 
in the deformation zone. This equation is also the function of 
shear stresses acting on the strip which can be determined by 
using equations (5.22) and (5.24) and can be written in finite 
difference form as,
hi.SP _ uVi (5.15A)
Ti 2 gx i h.1
* = _ Ml/lPx _ MYi (5.16A)Ti ” 2 3x i “ h^*
The flow of polymer melt in the deformation zone can be given by
equation (5.34) which when written in finite difference notations
gives,
hi3 9P. Vihi (5.17A)
i ’ 12pL(8xji 2
Now, for continuity of flow,
Q ±  =  Qi (5.18A)
Substituting for and Q x from equations (5.17A) and (5.16) into
equation (5.18A) and simplifying,
(— ).= + 6|i(V.h. - Vlu)] (5.19A)x3 X 71 h^3 L Lx ^ 1 1
Now .8P. _ Pi - Pi-i 
gx i Ax
/ 3 P x  A n  (5.20A)P. = (— ) .Ax + P. - 1 'ax'i 1-1
P^ is the hydrodynamic pressure at any point in the deformation
zone.
The stress strain relationship of the strip material is given by,
Y. = Y + K en (5.21A)1 0 0
where
e = ln(J“) =i i i
Substituting for e into equation (5.21A) and writing in difference 
notations
Y. = Y + K [lnf^ j1!1-)]11 (5.22A)1 0 0  W.t.1 1
Now the strain rate at a point in the deformation zone is defined
by
152
• _ d e 
£ ~ dt'
where t1 denotes time
daNow de = —  a
da . 1_ (5.23A)
a dt'
For practical evaluation it is necessary to assume a mean value of 
strain rate
• l / X J d x  e =  — om x
where x is the distance along the axis of draw measured from the 
entry.
The mean strain rate over a small distance may be defined by
• 1 ,a, e dx (5.24A)_ ---------- / 2.m x. - x. „ a.1 i-i i-i
where,
at x = x.^, a = a.^; 
and at x = x., a = a.l l
Replacing the value of e from equation (5.23A), equation (5.24A) 
gives,
• 1 .a. da dx
e m Ax a.1 a dt1i-i
But dx _
dt' i
• Vi ,a dae = - —  / i —m Ax a ai-i
7 Vi , ,ai-l. (5.25A)
e = —  ln(-)^m ax a^
A flow rule of the form
-  1
Yd . . ,riruT,s = ■—“ = 1 + (t*"—) ^i Ys N
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where,
Yd = dynamic yield stress of the material 
Ys = static yield stress of the material 
N and Tx are constants 
has been proposed by Hashmi^60 .^ In finite difference notation 
the above equation takes the form,
si = 1 + < f  >T l .
Combining this with equation (5.22A) gives;
Y. = s. [Y + K (lnf^1-1)}11] (5.26A)1 il o o W.t. 1l l
The yield criteria is given by,
P. + ox. = Y.i l l
or P. + ox. - Y. = 0  (5.27A)i l l
Solution Procedure
At any point in the deformation zone, the value of t^ , hu, B*, W^,
h^* can be determined from equations (5.3A), (5.7A), (5.47),
(5.4A) and (5.8A) for an arbitrary value of B and a step size of
Ax. Using equation (5.9A) the value of can be calculated. By
substituting V^ , h^ and h^* into equations (5.19A), (5.15A) and
(5.16A) the values of (— ).,  . and  .* can be calculated and Y.3xi 1 1  l
can be estimated from equation (5.26A). Then t\, t\*, t^ , and 
Yj. may be substituted into equation (5.14A) to determine ox^.
Having calculated cx^ , P^ and Y^ the value of B may be iterated 
until equation (5.27A) is satisfied. This procedure may be 
repeated in suitable steps of Ax from the position of yield of the
strip inside the reduction unit where i = X^, up to where i = -
. It is assumed that deformation ceases at the step, therefore
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at the step when equation (5.27A) is satisfied, the final
dimensions of the strip are t = t. and W = W..1 1
Condition of Slip
In a similar way as was described in Section 5.3.1, it was assumed
that when n  reaches the critical value a condition of slip is
observed. The speed at which this condition takes place is known
as the critical speed. Thereafter it is assumed that t ,^ are
equal to’ Ti and t respectively and P. remains constant forJ i
further increases in the speed. With these assumptions, the 
equations derived in the previous section were solved following 
the same procedure described earlier to evaluate the various
parameters.
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5.4 Theoretical Results
The theoretical results were calculated from the equations derived 
in the previous section. The data below are the standard
parameters which were used to solve the equations and were varied
to show their effect on the performance of the process.
Dimensions of the Reduction Unit:
Inlet length, Li = 150mm
Exit length, L2 = 30mm
Inlet gap, hx = 0.3mm )
) Section A
Exit gap, h2 = 0.02mm )
Inlet and Exit gap, h3 = 0.13mm ) Section B
Data for Copper Strip:
Initial thickness,
Initial width,
Initial yield stress,
Strain hardening constant,
Strain hardening index,
Strain rate sensitivity constan
Strain rate sensitivity index,
Data for Polymer Melt:
Initial Viscosity, pi = 110 Nsm-2
Critical shear stress, t =0.28 MNm-2 -*c
5.4.1 Results from Closed Form Analytical Solution 
Figures 90-97 show the effects of gap ratio, length ratio, 
material yield stress and critical shear stress on the percentage 
reduction and drawing stress. These results were produced by 
using the equations developed assuming a linear deformation 
profile.
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tl 1.59mm
Wi = 12.7mm
Yo = 75 MNm-2
Ko = 600 MNm-2
n = 0.6
N = 55 x lO2
Ti = 3.8
The effect of gap ratio resulting from changed values of h* is 
demonstrated in Figure 90. This figure suggests that by using 
smaller gap ratios higher reductions should be achieved.
The effect of length ratio is shown in Figure 91. These graphs 
indicate that the inlet length has a direct effect on the 
predicted results, by increasing the inlet length, greater 
reductions should be obtained.
Figure 92 demonstrates the effect of initial yield stress on the 
percentage reduction when plotted against drawing speed. It is 
evident, as expected, that more reduction should be obtained for 
the material of low yield point value.
Figure 93 shows the effect of critical shear stress, this figure 
demonstrates that critical shear stress alters the speed at which 
slip will take place. For higher critical shear stresses, larger 
reductions are predicted.
Figures 94-97 represent the variations in the drawing stress for 
the different set-ups. These figures show similar trends and are 
consistent with the results observed in Figures 90-93.
The results obtained by this analysis indicate an increase in the 
reduction with increase in speed, even though a condition of slip 
was introduced into the analysis. The critical shear stress limit 
only changes the rate of reduction which is low compared with the 
rate before the condition of slip is detected.
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5.4.2 Results from Numerical Solution
This analysis produced results which are in better agreement with 
experimental results in comparison with those predicted on the 
basis of an assumed linear deformation profile. The results were 
predicted by using the equations derived in Section 5.3.2.
The effect of the gap ratio on percentage reduction in thickness 
and yielding point of the strip with drawing speed is shown in 
Figures 98 and 99. These figures suggest that for a lower gap 
ratio (ie gap h 1), the deformation starts further away from the 
step, for a given drawing speed and a greater reduction should be 
obtained. A maximum reduction in thickness of about 16% was 
predicted for the gap ratio of 10.
Figure 100 shows the effect of length ratio on percentage reduc­
tion in thickness when plotted against the drawing speed. This 
figure suggests that more reductions should be obtained for the 
same drawing speed by using longer inlet lengths. With a length 
ratio of 5.65 a maximum percentage reduction in thickness of about 
12% was predicted.
The effect of material- yield stress on the percentage reduction in 
thickness and yield point is presented in Figures 101 and 102. 
These graphs indicate that for a material of low yield stress more 
reductions should be achieved for the same drawing speed. This is 
also evident from the point of initiation of yielding which 
indicates a larger deformation zone for low yield stress (see 
Figure 102).
Figure 103 demonstrates the effect of strain hardening constant on 
percentage reduction in thickness versus drawing speed. This
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figure shows that the lower value of strain hardening constant 
causes greater reduction.
The effect of melt viscosity on the percentage reduction in 
thickness and yield point is shown in Figures 104 and 105. These 
graphs show that higher viscosities cause the larger deformations 
before slip occurs. However it is interesting to note that 
results predicted for pi = 110 Nsm-2 are' greater after slip takes 
place. This may be because of the distance Xi which remains 
constant after slip (see Figure 105), and the fact that for higher 
viscosity slip is predicted to occur at a relatively slower speed.
Figure 106 shows the effect of critical shear stress on the 
percentage reduction in thickness when plotted against the drawing 
speed. This figure indicates that the value of critical shear 
stress changes the value of drawing speed for the condition of 
slip to occur. For a lower value of critical shear stress the 
slip condition is predicted at a relatively low speed and hence 
smaller reductions are predicted.
The effect-s of different parameters on the reduction in area 
versus drawing speed are shown in Figures 107-112.
Figures 113 to 116 demonstrate the variations in drawing stress 
when plotted against the drawing speed for different operating 
conditions. These figures show similar trends and are consistent 
with the predicted results for reduction in area.
The distribution of the pressure along the reduction unit was 
calculated for different conditions and is presented in Figures 
117 to 119. The graphs indicate that the pressure increases
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linearly only up to the point of yielding. The predicted 
pressures are of a magnitude sufficient to cause plastic deforma­
tion in combination with the induced axial stress.
The deformation profiles calculated theoretically for different 
gap ratios and drawing speeds are presented in Figures 120 and 
121. A specific deformation profile was predicted for each case.
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FIG 100: THEORETICAL EFFECT OF LENGTH RATIO ON PERCENTAGE REDUCTION IN THICKNESS
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CHAPTER 6
NON-NEWTONIAN ANALYSIS
6.1 Introduction
In the present work, polymers are used as a pressure medium. These
are non-Newtonian in behaviour and their rheological behaviour is
dependent upon many factors as discussed in Chapter 3. An analysis
assuming a Newtonian fluid has been developed in Chapter 5. In
this chapter a theoretical analysis of the process is presented,
utilising a non-linear empirical expression relating shear stress
and rate of shear. The relationship was suggested by Rabinowitsch
(61) for a non-Newtonian, shear thinning viscous fluid flow and is
given in the form;
v , 8v (6.1)
 + k t 3 = pt-ay
The analysis has been carried out incorporating the condition of 
slip at the interface of the polymer melt and the strip, thus 
giving a limiting shear stress. The strain hardening and strain 
rate sensitivity of the strip material has also been included in 
the analysis. The assumptions described in Section (5.2) have 
been used to establish the different equations.
6.2 Determination of the Maximum Pressure and the Shear Stress Prior 
to Deformation
The relationship between the pressure and shear stress in the 
inlet zone for Section A is given by the equilibrium of forces;
(i£) = (il) ax' vay'
Integrating w.r.t.y
t = (^)y + C7
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Applying the boundary condition that at y = 0,
T = T i  
C7 = T 1
  = P{y + (6-2)
where P{ is pressure gradient.
Substituting the value of   from equation (6.2) into equation 
(6.1) gives,
Piy + ti + K(Pfy + Ti)3 = n(^)d y
H ( | ^ )  = P { y  + T l  + K ( P { 3 y 3  + 3 P { 3 y 2 X l  +  3 P J y T l 3  + T ! 3 )
Integrating the above equation w.r.t.y, noting that n and Pi 
remain constant through the thickness of the film,
„v . PlZi + Tiy + ,3£1.|X1X» + Mlliii + Tl3y) + Cs
^ + ^ + 5 ^ + p; 2^ 3 + + Ti 3* > + c*
Condition of No Slip
Applying the boundary conditions that
At y = 0, v = V; y = hi, v = 0;
V = + ^  + ^ 4 Pi3Yt+ + pi2TiY3 + fpiTi2y2 + t i3Y) + v
(6.3)
+ T l h l  + K ( ^ P i 3h l V  P ^ T - ^ 3 + f p ^ T ^ h ^  4- T l 3 h l )
+ pV = 0
° r  JL-p lVi. 4- 3-1. 4. /ir>J3V.-3 4. D  • 2T V. 2 4- — 4. *r 3 \ 4- H Y  =2K > ih l  K + ( 4 p i 3 h i 3 + Pi  2 T i ^ i 2 + 2 Pi Ti 2 h l  + t i 3 )  + S h x = 0
o r t i 3 +  ( f P i t n H 3 + ( |  + l i '  2hL2 ) T x+ < § £ P { h i  + j P l 3 l l 3 + 0
Therefore
Ti3 + J1T12 + J2ti + J3 = 0 (6.4)
If the transformation
T — A T1 - *1 - 3
is introduced in equation (6.4)
(<h - f1)3 + Ji(*i - f1)2 + J2(*i - + J3 = 0
Simplification of the above equation gives
♦i» * (J2. - M v f  - = o (6‘5>
Substituting values of Ji, J2, and J3 into equation (6.5),
* 13 + (K + 4i>i 2hi 2)'f’ i  + 0
Define
Di = | + jPi2hl2
D = ^2 Khi
. • cf>i3 + Di^i + D2 — 0 (6.6)
Equation (6.6) is a cubic equation, which has been solved by using
/ g2)Cardan's formula and the real root is given by;
* _ r £2. + + r £2- /£ii + £li3ii^<f>1~ [' 2 ( 4 + 27 )  ] + 1 2 ( 4 + 27 > 1
Substituting values of Di, D2, 4>i and Ji we get,
T + Eilll = [-- + { ^2V.2 + i-(i + -Pf 2h12)3}^ ]'r +I 2 1 2Khi l4K2hx2 27VK 4 1 1 ' J J
[-^ --- {_^ 2V.2_  + — (A + A P{2h12)3}2]T1 2Khi 14K2hi2 2 1 KK  4 1 1 '  ^ J
T1 = [------ + { ^2V2 + + “Pf 2]^! 2 J 3 +I I  2Khi 14K2hi2 2 7 4  1 1 ' 3  J
r _ . H-.Y— _ r M-2^ 2 + -3—(A + —p«2h 2)3^2-|-J- _ ApiJ^  (6*7)[ 2Khx {4K2hx2 27 K 4 1 1 ' 3 J 2 1 1
Equation (6.7) enables the shear stress in the inlet zone in 
Section A to be calculated for the condition when P-J is defined.
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The flow of polymer melt in the inlet zone is given by,
Qi = /hlv dy o
Substituting the value of v from equation (6.3)
Q1 =£hl[£2?T + ^  + $<4pi3y'* + p12Y3ti + fpIfi2Y2 + t13Y)
+ V]dy 
Integrating,
^  + ^  + + l pi 2hi ^ i  + l piV h i3
, 1 3Vl 2 W  (6.8) + r^13hi2) + Vhi
Now from steady state flow we have 
ap(— ). = PI = Constant ax"1 1
For a stepped configuration the pressure has its maximum value at 
the step
_ Pm (6.9)
l
/-2±L\ — pi — £iil (ax}i" Pl " Li
Where Pm is maximum pressure at the step which is still to be 
determined.
Now, for the exit zone in Section A,
(— ) = - (— ) ax' vay'
Integrating,
  = - P2'y +  2 (6.10)
Where t2 is the shear stress at the surface of the strip at y = 0. 
Substituting the value of t from equation (6.10) into equation 
(6.1),
= - P'Y + t2 + K(- P22y3 + V  + 3P-2yaT2 - 3t|P^Y)
Integrating,
V = + ^  + 4P23ylt + T23y + P22^ 3t2 " |P2t22Y2)+ci
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Applying the boundary conditions that
At y = 0, v = V and at y = h2, v = 0
v = " + 7 ?  + + V y + p22y3T2 - fp2y2^22)+v
(6.11)
T 3 + (--P'h ) T 2 + ( i +  p'2h 2)x + - -p'3h 3 - P ?h 2.)
2  v 2  2  2 2  K  2 2  2 K h 2
And
= 0 
Let
Ji = -  fp^h2
J2 = H + * ' 2 W
J «  =  - — P ' 3 h  3 -  ZzJlZ.3 Kh2 4 2 2 2K
T 2 3 + JiT22 + J2T 2 + J' = 0
Again introducing transformation
r   1 _ Jl. gives,
2 § 2  3
cj) 2 3 + D U 2 + = 0 (6.13)
where
D11 = — + -P'2h 2 K 4 2 2
and = hV
°2 " Kh2
Equation (6.13) can be solved in a similar way to equation (6.6), 
the real root being given by,
tv1 nj 2 n' 3 i i n1 n1 2 n * 3 1 1
4 ■ r- h  +  + §*• - < Y  +
Substituting values of $ 2 , , D21 and we get,
T = [--------- + { ^ Z ^ 2 - - + — (- + — P'2h 2)3}2i3"+2 1 2Kh2 4K2h22 27 K 4 2 2
[-- ^ --{ ^2V2 + — (— + —P'2h 2)3}2]3- + (6*14)1 2Kh2 1 4K2h22 27 K 4 2 2 *  *  J 2
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Equation (6.14) gives the shear stress on the surface of strip in
the exit zone. The flow of polymer melt in the exit zone for
Section A is,
Q = /h2v dy 2 o
Substituting the value of v from equation (6.11) integration gives
Pih23 . ^2h22 . K, 1+ -(- — P'3h 5 + —t 3h 3 + —p1 2h _n V 7 H 2 2 7 2 ll2 A  2 2 T:6 |jl 2\x 20 * 2 2 “ 4
—P'h 3T 2) + vh (6.15)2 2 2  2 ' 2
Again for steady state flow
p2 = (f|)2 = Constant
or _. _ Pm (6.16)
2 "  L 2
Using the relationship given by equation (5.11), here we assume 
that
=v3x; = l3x;i
/llx - <3Z> -  3x
Integrating w.r.t.z and applying the boundary condition that at 
z = 0, t = t3;
	
 = P|z + T3 (6.17)
Substitution of the equation (6.17) into equation (6.1) gives,
H ( r ^ )  =  P i z  + T + K ( P { 3 Z 3 + 3 P i 2 Z 2 T 3 + 3 P { z T 3 2 + T 3 3 )  o Z
Integrating,
v = + —  + “( ~ ^ -  + P12z3t + |piz2T 2 + t 32) + C112 \ i 4 3 2 x 3 3
Applying boundary condition, at z = 0, v = V
pi 72 T o 7 V P'371* 7
V = 2i r  +  ~ f  + Pi2z3T3 + 2Piz2T32 + t33z> + v
(6.18)
and applying boundary condition that at z = h , v = 0
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Piibi + + S(lp.sh i * + + fpih3aT 3 2 + V h 3)
+ V = 0
which on simplification gives
V  + Ji11T3 2 + J2"t3 + J3" = 0 (6.19)
where
ji" = §tyh3
J2" = |  + pi ,2V
V  = ^ Pl'h3 + iPl-3V  + ^
Using the transformation
^ 3  -  * 3  - ^^ 3
equation (6.19) can be simplified and is given in the form,
^3 + D1,,cf)3 + D2" = 0 (6.20)
where
Dl"
D « - U2Kh3
Equation (6.20) can be solved in a similar way to equation (6.6), 
and the real root is given by,
n„» n„ M 2 n "3 i i n" n "2 n "3 i id> = r-  + (r2—  + ^ — ) 2iT  + r-  ^  -  ( ^ —  + ^ — ) 2F3 I 2 v 4 27 • J 1 2 ' 4 27 ■ J
Substituting for Di", D2", <f>3 and Ji"
t = [----+ { fi2v—  + — (- + ip'2ft 2^ }2 jT3 1 2Kh3 14K2h32 27 K 4 1 3 > * J
+  [ ------- ^ ------------ {  ^ 2 y 2 ■ +  — ( -  +  i p  • 2 h  2 ^ } 2 ] T  -  p x — ( 6 . 2 1 )1 2Kh3 14K2h32 27 K 4 1 3 J 2
Equation (6.21) is an expression to determine the shear stress on
the surface of the strip in Section B.
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For continuity of flow 
Qi = Q2
or Qi - Q2 = ° (6.22)
Now, equations (6.9), (6.7), (6.8), (6.16), (6.14) and (6.15) can 
be solved simultaneously using an iteration method for a numerical 
value of Pm until equation (6.22) is satisfied.
Hence the maximum pressure, shear stress and flow rate can be 
determined in the inlet zone before deformation for Section A. 
Substituting respective values into equation (6.21), the shear 
stress for Section B can be calculated.
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6.3 Prediction of Yielding Point
The equation for evaluating the value of a point from the entry 
where the plastic deformation will commence, will be the same as 
determined in Section (5.3.1.3). Here the equation is given for 
reference;
Xi = Yo2T-, 2 t ^  + Pm (6.23)
t i  Wj L i
6.4 Hydrodynamic Pressure and Axial Stress in the Deformation Zone
To simplify the mathematical operation, finite difference 
techniques, as described in Section (5.3.2) have been used to 
establish the governing equations in the deformation zone.
The equations for thickness, width, film thickness and the
velocity in the deformation zone will be the same as derived in
Section (5.3.2) and are listed below,
t. = t. , - BAx (6.24)l l-l
W. = W. - B*Ax (6.25)l l-l
h. = h. '+ iBAx (6.26)l l-l
h*. = h. . + |B*Ax (6.27)l l-l
V = (v )(Wi-l ti-1 (6.28)i ' i-lM  W.t. 'l l
The equations (6.7) and (6.8) give shear stress and flow rate in 
the inlet zone for Section A, which can be rewritten in finite
difference form to determine the flow rate and shear stress in the
deformation zone.
Therefore,
T = [ - + + i— (i + -p 1 2h 2)3}2]T+i 1 2Kh. l4K2h.2 27 K 4 i il l
[- -- f t 2 ' 1 ? -2:., + — (- + -P «2h 2)3}^ ]'r - ip «h (6.29)1 2Kh. l4K2h.2 27 K 4 i i 2 i il l
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For the continuity of flow,
Q± = Qi
Q. - Qi = 0 (6.31)
The initial viscosity pi and the non-Newtonian factor K were 
determined experimentally to conform to the equation (6.1). In 
the present analysis it has been assumed that the initial 
viscosity pi remains constant during the process. Substituting 
values of Qx and Q. from equations (6.8) and (6.30) respectively, 
equation (6.31) can be iterated for an assumed value of B and a 
suitable interval to evaluate the value of P.1.l
Now, , _ Pi - Pi-i
i Ax
P. = P. , + P.1 Ax (6.32)l l-l l '
Equation (6.32) gives the hydrodynamic pressure at any point in 
the deformation zone.
Rewriting equation (6.21), the shear stress in Section B can be 
determined, ie,
t *--= r-tiYi__ ^ pi2Vi2 + I—/I + Ip i 2jj *2 )3 )2 ]^ +i 1 2Kh.* l4K2h.*2 27 K 4 i i ' *  1l l
[- -J±ZI r_E£Xi—— + — (I + Ip i 2h *2)3}^lT'_ Ip ift *1 2Kh.* 4K2h.*2 27 K 4 i i ; 3 J 2 i i
1 1 (6.33)
The expression for evaluating parameter b* has been established in
Appendix I and can be rewritten in the form,
B* = mB (6.34)
where
Axial Stress
The governing differential equation in the deformation zone using
Von-Mises yield criteria is given by equation (5.13A),
ie,
dti dWi 2xidx 2Ti*dx (6.35)dax.  -- — y .  —-y. --- ------- ---1 t. 1 W. l t. W.1 1  1 1
The above equation can be rewritten in finite difference form and 
on simplification it gives,
ox. = (tlZi + Hfcl . 2)y. + 2I1AX + 2T^AX (6.36)l t. W. '■L ±  t. W. l-l1 1  1 1
The stress-strain relationship taking into account the effects of 
strain hardening and strain rate sensitivity is given by equation 
(5.26A), ie
Wltix.n, (6.37)
where,
y. = s.[y + K {InL-1. 1)} ] l l o o W.t.l l
sx ■ 1 +  < ¥ > T i
Vi n /a^  —i% e . =  —  I n  ( - 3- J ) mi Ax a. ■l
N and Tx are constants.
6.5 Percentage Reduction in the Strip Size
Substituting the pertinent values, equations (6.32) and (6.36) 
together with equation (6.37) can be iterated to evaluate the 
values of constants B and hence B* until equation ax. + P. = Y. isi l l
satisfied. Once parameters B and B* are determined then the 
percentage reduction in the strip size can be calculated by,
PRT = (1 - 7 )^ x 100 ti
PRW = (1 - ~) x 100
WitiPRA = (1 - jji5±) x 100
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(6.38)
Condition of Slip
It has been generally agreed that flow instabilities take place in 
a polymer melt flow when shear stress reaches a critical value 
which varies from 0.1 to 1 MNm-2 for different polymers. In the 
present work a polymer melt was used as the pressure medium and 
therefore this characteristic should be included in the analysis. 
It was assumed that as the shear stress t 1 in the inlet zone 
reaches a value of 0.22 MNm-2, the condition of slip occurs at the 
interface of the strip and the polymer melt. The speed at which 
this happens is known as the critical speed.
Now, applying boundary conditions, the flow rate when slip occurs 
will be given by;
O = ^ — h i  +  Tc*b—  + — p 1 3h 5 + —p ' 2h +
%  6n • 2n ■  ^20 1 ni 4 1 "l Tc
. iPl-hl3Tc2 + |rc3hl2) + (6-39)
where Q is the flow rate of molten polymer when slip occurs and s
Vg is the velocity at which slip occurs.
Equation (6.39) shows that when slip occurs, the flow of polymer 
remains constant and subsequently the pressure and shear stress 
will also remain constant. The corresponding value of 
 3 is 
considered as the critical shear stress for Section B. Therefore, 
it was assumed that thereafter, for any increase in speed after 
the critical value, the pressure and shear stress will remain 
constant.
The equations regarding the other parameters involved in process 
will remain the same as derived in the previous section.
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The solution procedure remains the same as is described in Section 
(5.3.2), except using the related equations derived in this 
section.
6.6 Results from the Analysis
The following data was used as the standard set for the physical 
parameters involved in the process, to calculate the different 
quantities by using the equations derived in the previous section. 
The values of different parameters were then varied to investigate 
the respective effects on the process. The results predicted by 
this analysis were found to be in closer agreement to those 
observed experimentally, in comparison with the Newtonian 
analysis.
Dimensions of Reduction Unit:
Inlet gap, h = 0.3mm )X ) Section AExit gap, h2 = 0.02mm )
Inlet/Exit gap, h3 = 0.13 mm ) Section B
Inlet length, L = 150mm
Exit length, L2 = 30mm
Data for Copper Strip:
Initial thickness, = 1.59mm
Initial width, wi = 12.7mm
Initial yield stress, Yo = 75 MNm-2
Strain hardening constant, Ko = 600 MNm-2
Strain hardening index, n = 0.6
Strain rate sensitivity constant, N = 55 x 103
Strain rate sensitivity index, Ti = 3.8
Data for Polymer Melt:
Initial viscosity, p. = 110 Nsm-2
Non-Newtonian factor, K = 5 x 10-11 m^/N2
Critical shear stress, tc = 0.22 MN/m2
6.6.1 Theoretical Results of Percentage Reduction 
Figures 122 and 123 show the effect of gap ratio on the percentage 
reduction in thickness and the area of the strip. The different 
values of gap ratios were obtained by changing the inlet gap, h^ , 
where gap h2 was kept constant during the calculations. As the 
gap ratio was decreased an increase in the reduction was 
predicted. These figures suggest that by using a lower gap ratio, 
higher reductions should be achieved.
The different values of inlet length L^ , were considered keeping 
L2 constant. Results for different length ratios were obtained 
and are presented in Figures 124 and 125. These figures show a
direct effect of the length ratio on the predicted reductions in
thickness and area of the strip. Higher length ratio produces 
relatively greater reduction.
The effect of initial yield stress on the percentage reduction in 
strip size is demonstrated in Figures 126 and 127. These results 
indicate that more permanent deformation will take place for a 
material with a lower value of yield stress. A maximum reduction 
in area of about 20% should be achieved by using a material with 
initial yield stress equal to 50 MNm-2.
Figures 128 and 129 show the theoretical effect of the strain
hardening constant on the deformation in strip size versus speed. 
Similar trends were observed as shown in Figure 126 and 127.
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Figures 130 and 131 demonstrate the effect of the polymer melt 
viscosity on the percentage reduction in thickness and area of the 
strip. These results show that higher reductions should be 
achieved at slow drawing speed by using more viscous fluid. At 
higher drawing speeds no significant difference is indicated and 
similar reductions are predicted for different values of viscos­
ity. This is perhaps the critical shear stress which reaches its 
critical value at a relatively slow speed for higher viscosity 
causing the predicted reduction to be of the same level.
The curves in Figures 132 and 133 show the theoretical effect of 
non-Newtonian factor K, on the percentage reductions. For lower 
values of factor K, higher reductions are predicted for slow 
speed. At higher drawing speeds in excess of 0.35 m/s there is no 
significant difference in the predicted results.
Figures 134 and 135 show the effect of changing the critical shear 
stress for slip. It is demonstrated that an increase in the 
limiting shear stress, causes an increase in drawing speed at 
which slip would occur. Hence the higher the critical shear 
stress, the higher are the percentage reductions in strip size 
predicted.
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6.6.2 Theoretical Point of Yielding
The effect of variations in different parameters on the position 
at which the strip yields plastically is presented in Figures 
136 to 138.
Figure 136 represents the effect of the change in gap ratio. The 
smaller gap ratio, the lower the speed at which yielding starts. 
This figure also shows that as the gap ratio is decreased, the 
length of deformation zone is increased. Therefore, greater 
percentage reductions were predicted. It is also noticed that the 
point of yielding remains constant at higher drawing speeds after 
the critical shear stress limit is reached.
The effect of initial yield stress on the point of yielding is 
shown in Figure 137. With the increase in yield stress the 
position of the yielding from the entry is also increased, reduc­
ing the deformation zone.
Figure 138 demonstrates the effect of melt viscosity on the 
position at which yielding will start. These results indicate 
that the distance at which yielding occurs remains constant at the 
speeds in excess of 0.4 m/s. An increase in viscosity causes the 
deformation to start at slower speeds.
222
LO CM
_£=
o n
CMO
t/>
CM
r LO
oLO
—r-OCM Oo
— r~O>o
—r—om
.
to
"e
m Q' LU LlJ Q. 00
- CM
HSMOO,
OSMOJCdM>H
So
H<cc
Ou<u
Dljo
EhOCdCdCx-iCd
J<OMEhCdCCOCdcnEh
vOCO
OMCl,
UJUJ A b l N 3  WOdd 3DNV1SIQ
223
*1* ^ t=  %•g E £
O  LO OLn r- o
>-° !
oLD oCM oo oNO
■—r- Om
r L n
- -4*
00
m  * a
CLoo
o>i
HSMO0-ia!3MQ-JWM
SO
COCOWPCEhCO
Q_JCdM>h
HE-hHSM
Cx-iO
E^Owlij
tuW
_]<oMEhWPCoWccEh
C—ro
UM
Qr-i
m m  A d I N 3  W O d d  3 3 N V 1 S I Q
224
UJUJ AdlN3 woad 33NV1SIG
225
6.6.3 Results for Pressure Distribution
The variation in the predicted pressures along the length of the 
unit are presented in this Section. Figure 139 shows the pressure 
distribution versus drawing speed for different gap ratios at a 
constant drawing speed of 0.2 m/s.
The effect of drawing speed on the distribution of the pressure 
along the unit is demonstrated in Figure 140. • The influence of 
viscosity on the pressure distribution is shown in Figure 141.
It is evident from these graphs that in every case the maximum 
pressure is at the step. The general trends of the results are 
identical to those observed in the case of Newtonian analysis.
6.6.4 Deformation Profiles
The deformation profiles for different gap ratios for the same 
drawing speed were calculated and are presented in Figure 142.
Figure 143 shows the effect of drawing speed on the theoretical 
deformation profile.
These figures indicate that a specific deformation profile was 
predicted for each case.
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CHAPTER 7
DISCUSSION
7.1 Introduction
In the present work the application of a new die-less drawing 
process to draw narrow strips is studied. In this process the 
conventional reduction die has been replaced by a unit with a 
stepped rectangular hole and a polymer melt has been used to 
generate hydrodynamic pressure within the unit. To investigate 
the performance of the process, an extensive experimental and 
theoretical programme of study was undertaken, which produced a 
considerable amount of data. This chapter aims to highlight the 
salient points observed experimentally and theoretically and 
thereby carry out the comparison of the results.
7.2 Experimental Results
In order to elucidate the effect of various factors on the
process, the experimental programme was conducted by varying
important physical parameters such as geometry of the die-less
reduction unit, polymer type, melt temperature and strip size. To
get different geometrical configurations of the die-less reduction
unit, the variables h, (gap in Section B), h. (inlet gap inJ l
Section A), and (inlet length in Section A) were varied, and 
the variables h2, L2 (exit gap and length) were kept constant 
during the programme of tests. The drawing speed was also varied 
to observe its effect on the process.
The strip was drawn at different drawing speeds in the range of
0.1 m/s to 0.5 m/s and the drawing speed was found to have a
dominant effect on the effectiveness of the process in terms of
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reduction in thickness/width. It was observed that initially, 
reduction in the strip size increased with increase in drawing 
speed, but after a certain critical drawing speed further increase 
in speed caused a decrease in the reductions. This can be 
attributed to the rheological behaviour of the polymer melt. The 
polymer melt is non-Newtonian in behaviour and it may have 
influenced the performance in two ways. Firstly the viscosity of 
the melt is dependent on the shear stress and shear rate and 
decreases with an increase in shear stress (see Fig 10) and 
secondly flow instabilities, particularly slip (Chapter 3), which 
takes place at higher shear stresses in the range of 0.1-1.0 MNm-2 
(ref 53-59). Slip is thought to be the cause of the less 
promising performance at high speeds. With increase in the 
drawing speed shear stress is increased and as the critical value 
of shear stress is surpassed slip occurs at the polymer-strip 
interface. This is also evident from the results representing the 
measured pressures near the step and will be discussed later on.
Figures 14 to 24 show the effect of the gap h3, on the percentage 
reduction in thickness and width of the strip. These results 
emphasize that gap h3 affects predominantly the reduction in 
width. An increase in the gap h3 causes less reductions in the 
width. Referring to the basic equation of shear stress (see 
equation 24), it is obvious from this equation that an increase in 
gap h3 will cause a decrease in shear stress and hence in axial 
stress which would be responsible for lower reductions at higher 
values of gap h3.
The results demonstrating the effect of gap ratio h^/h2 on the 
percentage reductions in the strip size, using two polymers is
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presented in Figures 25 to 36. These results are obtained by 
changing the gap h^ , and show that, the gap h^  has a significant 
effect on the percentage reduction in the thickness/width. It is 
evident that for given values of h2 and h3, h^ has an optimum 
value. For magnitudes of h^ smaller or greater than this optimum 
value the reduction in thickness/width decrease. This may be 
explained in terms of pressures generated due to the geometry of 
the unit. A decrease in the inlet gap may cause a decrease in the 
flow rate resulting in lower pressures and hence lower reductions. 
This trend was confirmed when no deformation was observed by using 
a gap, h^ , equal to 0.1 mm. On the other hand it should be noted 
that larger gap h^ will cause lower shear stress (see equation 22) 
and hence axial stress which changes the magnitude of plastic 
deformations.
All these graphs showing the effect of the two gaps, ie gap h3 and 
gap h^ , indicate that both the gaps have a significant effect on 
the reductions in the strip size. Therefore optimum values are 
present for which the performance would be maximum.
The effect of length ratio is illustrated in Figures 37 and 38, 
these results were obtained by varying inlet length L^ . Similar 
trends were observed as with gap ratio. It is evident that there 
is an optimum value of length and for the values of higher 
or lower than this the reduction in strip size decreases.
Figures 41 and 42 demonstrate the effect on the percentage 
reduction in strip for three different temperatures with the two 
polymers. Clearly, an increase in melt temperature will decrease 
the viscosity of the polymer melt, therefore higher reductions 
were obtained at lower temperatures.
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Pressure transducers were mounted on the unit and located at 
different points along the length of the unit. The generated 
pressures were recorded on a UV recorder for each increment of the 
speed. Figures 51 to 59 illustrate the measured pressures near 
the step and Figures 60 to 67 show the pressure distribution along 
the unit. These results indicate that the maximum pressure occurs 
at a point near the step and after a certain critical speed, its 
magnitude remains fairly constant (irrespective of speed). This 
gives evidence of the fact that slip takes place during the 
drawing process.
The drawing load was monitored from the load indicator, shown in 
Plate No 6. The observed results represented in terms of drawing 
stresses are shown in Figures 68 to 85. These results show 
similar trends and are consistent with the results obtained for 
the reductions in area of the strip (see Figures 20 to 24, 31 to 
36 and 39 to 40). It is noticed that the drawing stresses 
measured with the polymer ELVAX650 are of higher magnitudes 
compared to those recorded for WVG23. This trend may be explained 
by the fact that ELVAX650 was low melt flow index (MFI8) and hence 
more viscous causing an increase in the drawing load and in the 
reduction in area.
It was observed that the percentage reduction in width (typically 
4.56% when corresponding percentage reduction in thickness was 
5.34%) obtained with ELVAX650 was relatively higher compared to 
the percentage reduction in width (typically 3.2% when correspond­
ing percentage reduction in thickness was 5.5%) achieved with 
WVG23. This could be attributed to the rheological character­
istics of the polymer melt. ELVAX650 being of low MFI was more
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viscous than WVG23, hence higher stresses produced in Section B 
with ELVAX650 might have caused greater reductions. This can also 
be observed by referring to Figure 144.
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7.3 Theoretical Results
Two mathematical models have been developed which enabled the 
prediction of various results such as pressure distribution before 
and after the onset of yielding, shear and axial stresses, and the 
deformation profile of the strip. In the formulation of governing 
equations, various assumptions were made to simplify the 
mathematical treatment. The validity of these assumptions is 
discussed as follows:
(i) Flow is laminar - This seems a reasonable assumption as the 
film thickness is small, the viscosity is high and the 
drawing^speeds-are low.
(ii) Isothermal conditions exist - This may have introduced some 
errors in the results since viscosity is sensitive to the 
temperature change.
(iii) Polymer slip occurs at the strip-polymer interface - The 
values of critical shear stress   , used in the analysis 
were 0.28 MNm-2 in Newtonian analysis and 0.22 MNm-2 in 
non-Newtonian analysis. These values were selected as 
being within the range normally encountered (0.1 - 1.0 
MNm-2, ref 53 to 59). It must be remembered that the data 
available was not for the polymers used in the present work 
and did not correlate to the pressures and shear stresses 
experienced in the present set-up. Hence the value of 
chosen for the analysis was only an approximation. In order 
to calculate the flow of polymer melt after slip occurs it 
was assumed that the polymer melt could not ^ accommodate 
further increase in pressure when slip occurs and that a 
constant flow rate would prevail irrespective of the
2/
drawing speed. These assumptions allowed the results to be 
calculated easily after slip occurred.
(iv) The empirical equation proposed by Rabinowitsch for the 
flow of non-Newtonian fluids in the form,
3vt + KT3 = n—3y
is used in the non-Newtonian analysis to predict the 
pressure and the shear stress in the unit within the no 
slip range. The non-Newtonian factor K and initial 
viscosity p. of the melt were both determined experimentally 
by curve fitting the above equation over the results 
obtained from the flow characteristics of the polymer melt 
(see Chapter 3). It must be noted that the above equation 
relates the viscosity with shear stress only, but this is 
also dependent upon many other factors. This might have 
resulted in some discrepancies.
(v) Initial viscosity of polymer melt remains constant in the 
above Rabinowitsch equation, it is known that pressure 
increases the viscosity and the temperature rise has 
quantitatively the opposite effect, ie an increase in 
temperature causes a decrease in viscosity. During the 
process heat is generated in two ways, (a) shear flow and 
(b) plastic deformation of the material. Unless this is 
dissipated through the unit wall, it will result in an 
increase in the average melt temperature and hence 
reduction in the melt viscosity. On the other hand, the 
pressures generated are of high magnitude, which will 
result in an increase in the viscosity. Since initial 
viscosity was assumed to remain constant during the 
process, this might have caused some discrepancies in the
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results. Although, some degree of cancelling effect would 
be present.
The predicted results in strip size showed that:
(i) in the case of Newtonian analysis (closed form analytical 
solution), the reduction in strip size always increases 
with the drawing speed,
(ii) in the case of Newtonian (numerical) and non-Newtonian 
analysis two zones were observed;
(a) at slower speeds the percentage reduction in area 
increased as the drawing speed was increased,
(b) after slip is predicted to occur, the percentage 
reduction in area reduced for further increase in 
the drawing speed.
As different parameters were varied, various trends were noticed
from the results which are enumerated as below:
(i) Increase in h^ , decreased the percentage reduction in area 
and also altered the critical speed, ie by increasing gap 
h^ slip was predicted to occur at higher speeds.
(ii) Increase in inlet length, increased the percentage 
reductions.
(iii) Increase in initial yield stress, decreased the percentage 
reductions. Increase in strain hardening constant has the 
same effect.
(iv) Increase in viscosity, increased the percentage reduction 
in- area before slip. It also decreased the critical speed 
at which slip would occur.
(v) Increase in non-Newtonian factor K, decreased the percent­
age reduction before slip and increased the critical speed.
Some of the above results were expected and others became more 
apparent as the results were studied.
The predicted results seem to be very sensitive to inlet gap, h^ . 
These are presented in Figures 122 to 123. With a small gap of h^ 
= 0.2 mm the predicted results of reductions are of higher
magnitude and slip was predicted to take place at slow speeds. 
When a gap of h^ = 0.4 mm was used, slip was predicted at higher 
speeds and small deformations were predicted (maximum about 5%), 
since lower pressures were calculated.
The length ratio was found to have a direct effect on the deforma­
tions. Large inlet length caused greater deformations, since 
higher pressures were calculated.
Increases in yield stress and strain hardening constant caused 
lower reductions as expected. These factors simply change the 
level of flow stress. The higher the flow stress, lower are the 
reductions predicted. It was found that these factors (Y , K ) 
have a little effect on the critical drawing speed.
Slip was found to occur at slow speeds for higher value of the 
initial viscosity and larger reductions were predicted in strip 
size before the slip. It is of interest to note that the initial 
viscosity has no significant effect on the calculated percentage 
reductions at high speed (see Figures 130 and 131). It is thought 
to be the consequence of the fact that, when the condition of slip 
is predicted the shear stress and pressures are assumed to remain 
constant, which also causes the calculated deformation zone to 
remain constant for further increment in drawing speed, resulting 
in the predicted reductions to reduce gradually.
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The reduction in the non-Newtonian factor was expected to increase 
the deformation as the fluid became more Newtonian. Similar 
trends were observed to those obtained for viscosity, after slip 
occurs.
Predicted results for the onset of yielding of the strip material 
produced another set of results. It may be noted that critical 
drawing speed is more distinguishable in the case of Newtonian 
analysis (Figures 99, 102 and 105) compared to the results
obtained with the non-Newtonian analysis (Figures 136 to 138). 
The following observations were made from the results.
1 Increase in initial gap h^ , increases the undeformed length
of the strip. Initial yield stress had a similar effect.
2 Increase in viscosity, lengthens the deformation zone.
3 After slip, the predicted value of point X^ , is constant
for further increments in the speed.
These results could be justified by referring to the equation for 
determining the distance This equation suggests that distance
X^ is directly proportional to the initial yield stress and 
inversely proportional to the pressure and shear stress. 
Therefore an increase in yield stress simply increases the 
undeformed zone. Similarly, any parameter which causes the 
prediction of higher pressures and shear stress in the unit will 
move the position of X^ nearer to the entry point, thus increasing 
the deformation zone.
The pressure distribution in the unit demonstrating the effect of 
initial gap and viscosity are shown in Figures 117, 119, 139 and
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141. These figures show that higher pressures were predicted for 
small value of h^ and higher value of viscosity, hence confinning 
the effect of these parameters (h^ , p) on the predicted percentage 
reductions, as higher percentage reductions were predicted with a 
decrease in gap h^ and increase in viscosity.
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7.4 Comparison between Experimental and Theoretical Results
Experimental and theoretical results were discussed in the fore­
going sections. Some discrepancies were apparent between these 
results. In this section, it is aimed to discuss the possible 
causes of their occurrence.
Figures 145 to 147 show the typical experimental results of 
percentage reduction in thickness and area obtained with WVG23 at 
130°C and ELVAX650 at 140°C for 12.7 mm wide strip. Theoretical 
results are calculated by using equations derived in two 
mathematical models and are plotted on the same graph for 
comparison. The dimensions of the unit and magnitudes of other 
variables were kept the same as those in the experiments. It is 
evident that the predictions from the closed form Newtonian 
analysis differ from esqperimental results both in trend and 
magnitude. Newtonian (numerical solution) and non-Newtonian 
analyses under-estimate the percentage reductions at slower speed 
and at higher speeds, for which the critical shear stress became 
applicable, the theoretical results over-estimate the experimental 
ones. However, the theoretical trends are similar to those of the 
experimental results. Possible explanations for these 
discrepancies may be as follows:
1 Non-Newtonian characteristics of the polymer melt and the
difficulty in ascertaining the different parameters 
defining the rheology of the polymer melt. In the present 
analysis a relationship relating shear stress and viscosity 
for non-Newtonian fluid flow is used, whereas other 
influencing factors such as the dependence of viscosity 
upon pressure and temperature have been ignored. Also the 
analyses do not take account of any variations from the
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isothermal and laminar flow conditions during the process. 
It is thought that errors could have arisen from the 
absence of these factors.
2 The prediction of the slip to commence was based upon the
value of critical shear stress   , which was chosen fromc
the available data. Variations in the value of t wasc
examined theoretically (Figures 134 and 135). These 
results demonstrate that critical shear stress not only 
alters the critical speed but also changes the predicted 
results after slip. The polymers used in references 53 to 
59 were not exactly the same as those used in the present 
work, hence this might have caused errors.
3 It has been demonstrated that the performance of the 
process is very sensitive to the geometry of the unit 
particularly to the inlet gap' h^. Any variation in this 
parameter would cause variations in the predicted results. 
The parameter h^ was determined by measuring the thickness 
of the strip and width of the rectangular hole. Therefore 
an error may have occurred in determining this parameter, 
considering the errors in measuring and allowing for 
manufacturing tolerances. Hence this is also thought to be 
a probable cause.
Typical experimentally measured and theoretically calculated 
pressures are shown in Figure 148. Theoretical results from both 
analyses appear to overestimate the experimental results in each 
case. The predicted maximum pressure (at the step) is about twice 
the measured maximum pressure (near the step). However, the 
trends of experimentally measured pressures and theoretically 
calculated pressures are very similar.
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Also for comparison purposes, the measured and predicted 
deformation profiles are shown in Figures 148 to 149. In the case 
of the polymer polyethylene WVG23 the yield occurred near to the 
step and the deformation took place in a much steeper manner than 
that predicted theoretically (see Figure 148). A good correlation 
was observed between theoretical and experimental deformation 
profiles when polymer ELVAX650 (see Figure 149) was used.
Also discrepancies between the theoretical and esqperimental 
results were observed in the variation in measured and predicted 
reductions in width. The present analyses predict the same 
percentage reductions in both thickness and width, but the 
measured percentage reduction in width were always found to be 
smaller compared to those in thickness (except in some cases at 
higher speed with ELVAX650). Possible reasons for this 
discrepancy are thought to be;
(i) anisotropy of the strip material,
(ii) rheological behaviour of the polymer melt. This is more 
apparent from the results obtained with ELVAX650 (see 
Figure 144).
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CHAPTER 8
CONCLUSIONS
8.1 Conclusions
A novel process of die-less drawing of narrow strips has been 
developed. In this unique process, no conventional reduction dies 
are used. The reductions in strip size are obtained by using a 
die-less unit with a stepped rectangular hole and a polymer melt 
as the pressure medium. Sizes of the holes are such that the 
smallest hole is larger than the cross-section of the incoming 
strip, preventing direct metal to metal contact, hence overcoming 
friction and the tool wear encountered in conventional drawing 
processes. Deformations are caused due to the combined effect of 
hydrodynamic pressure and induced axial stresses developed by the 
converging flow of polymer melt (a viscous fluid). Extensive 
experimental work was conducted to investigate the application of 
the process. Experimental results showed that a reduction in area 
of the strip in excess of 12% could be achieved in a single pass 
by this novel technique. These results also show that the strip 
is deformed in both thickness and width directions. The magni­
tudes of the reduction in the two dimensions are significantly 
dependent upon the polymer type, the geometry of the die-less 
reduction unit and the drawing speed.
Mathematical models have been developed considering Newtonian and 
non-Newtonian characteristics of the polymer melt. The results 
from these models show reasonable correlation in trends but under­
estimate the percentage reduction at slower speeds and over­
estimate the percentage reductions at higher speeds when compared 
to the observed experimental results. However, these models help
the understanding of the mechanics of the process.
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8.2 Suggestions for Future Work
The technique of die-less drawing investigated in the present 
study showed that it could be applied to strip drawing. However, 
certain practical restrictions were noted. The strip was deformed 
in both thickness and Width; the observed reductions were not of 
the same level. Another limitation observed was the fact that the 
lower reductions were obtained at higher speeds. Furthermore, 
discrepancies are also apparent between experimental and 
theoretical results (even after considering non-Newtonian 
characteristics of polymer melt flow). Further work could be 
undertaken both experimentally and theoretically to enhance the 
understanding of the process.
Experimentally:
In this process, the reduction in the strip size is caused due to 
viscous flow of the polymer melt through a unit with a stepped 
hole, and the obtained results are very much dependent upon the 
type of the polymer. The results indicated that the performance 
of the process was improved by using ELVAX650 (low MFI, high 
viscosity). The geometry of the unit has also a significant 
effect on the obtained results. Therefore in order to explore the 
viability of the process, further work should be carried out not 
only using the various polymers of different melt flow index but 
also on units of different geometry. For example a unit with 
steps in both sections (A and B).
Theoretically:
In the theoretical analysis the process has been assumed to be 
isothermal and possible effects of the heat generated due to the 
mechanical work and viscous shear friction and pressure
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generated within the unit has been ignored. It has been 
demonstrated (Chapter 3) that the viscosity is very much dependent 
upon the temperature and pressure. An attempt has been made to 
include the viscosity-temperature dependence in the analysis. The 
results (Appendix V) clearly show the influence of this parameter 
on the predicted results.
Since the apparent viscosity of a polymer melt is a function of 
temperature and pressure, these two factors should be incorporated 
into the analysis. This should improve the theoretical results.
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APPENDIX I
Expression for b*
A c c o r d i n g  t o  L e v y - M i s e s  f l o w  r u l e
d s i  _  d £2 _  d £ 3 _  ^  
a ' i  o' 2 o ' 3
w h e r e
a ' i  = qi - a , a 1 , = o-, ~ om a n d  a ’.
where a = ,C^L+~^2 03m 3
N o w  O i =  a  , a .  =  - P  a n d  a ,  =  - P *x 2 3
d e i  =  d e . , , d e =  d e ,  a n d  d e ,  =  d e1  2 t  3 w
a ' i  = o - a ,  o' =  - P  -  o ,  o ' 3 =  A x  m  2 m  3
E q u a t i o n  (Al) g i v e s
d e . d et = w
-P - o -P*- om  m
Assuming P* = P
Hence de, = de t w
dti _ dWi t. “ W.l  l
Now t. = t. - 2bxl  1
j dtior dx = -
and W. = W. - 2b*xl 1
_ dWi
o r  “  - a ?
Comparing equations (A3) and (A4)
dWiSubstituting for from equation (A2)
i
b* = b &  (ft5)t.1
_ b(Wi ~ 2b*x) (A6)
(tl - 2bx)
Simplifying equation (A6) gives,
b* = b ^  (A7)
t i
or b* = mb (A8)
where m is constant and' equal to the ratio of the initial width to the
initial thickness.
APPENDIX II
dV dVdt dW dtdW . dVdW . dVdtdWV.1 V.t.l l 1 w. 1 t.W.l 1 1 V.W.l l V.t.W.i l l
1 dt dW dtdW t.W.Jl l
dt dW dtdWt .1 W.l t. W.l l t.W.l l
Velocity in Deformation Zone
The continuity of flow of metal gives
(V. + dV)(t. + dt)(W. + dW) = V.t.W. x i 1 l 1 1 1
Equation (Al) on simplifying and dividing by gives,
U« VAIt UUUII UOUK UVUI.J  _+  —  + ------- +  —  + ------- + --------+ ------------ =  ot .1
ffl[V.11
dV.tiWi + Widt + tidW + dtdW. _ _ ..Widt + tidW + dtdW.
V.1 t.W. J L t.W. Jl 1 1  1 1
^[t.W. + W.dt + t.dW + dtdW] = - [W.dt + t.dW + dtdW] V . i i i  l l ll
Writing in finite difference form we obtain
Vi-i - Vi w + w _ t + t _ +
1 1  l l-i l l l-i l i-i
(W. - W.)] = - [W.(t. - t.) + t.(W. - W.) + (t.' l-i l l l-i l l l-i l l-i
(W. - W.)]1-1 1
On simplification equation (A2) gives
[^r1- - 1][W. t. ] = - [W. t. - W.t.]1 l-i l-i l-i l-i l l
Vi-i Witi - Wi-i ti-iV. W. t,l  i - i  - i - i
Vi-i _ WitiV. “ W. t.
LISTING OF THE COMPUTER PROGRAMME FOR NEWTONIAN,A CLOSED FORM ANALYTICAL SOLUTION
DIMENSION 0 ( 3 0 0 ) yX ( 5 0 0 > , EC500)
REAL L i , L 2  
3 WRI IE ( 6 f i  0 )
10 F0RMAT(2Xy 7THIS PROGRAMME CALCULATES THEORETICAL7 y2 X y/ / y 
1 IX  y 7 REDUCTION IN AREA OF STRIP USING NEWTONIAN SOLUTION 7 , 2 X ,
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T C i ( ( PMftHi ) /  ( 2 * L i  ) )  -  ( 0S*0  ( I ) / H i  )TC2^ •+ C (PM*H2) / (2*L2) ) - C OSftO CI )/H2)
T C 3 ~-C ( PM*H3 > / ( 2 * L i ) ) -X U S *0 ( I ) / H 3 )
X i :- ( Y i ) / (  (2*ABS(TC1 ) / T i  ) + ( 2*ABS( T C 3 ) /W 1 ) + ( P M / L i ) )
I F  C X i - G T . L i )  GOTO 235  
P i :: < PMftX.L) /  L.:L
S:i = ( 2 * A B S ( T C i > * X i / T i >  + (2 f tAB S(TC 3>*X i /U l>
WRITE C 6 y 00 )  PMy TC.L«X i  y P i  y Si  
00 FORMAT C 2X Y 7 PM~7 y F 12 „ 2 f 2 X, 7 TC i 7 y F10«2y 2 X y 7X i  = 7 y F8 - 5 y 2X y 7 P:L = 7 y 
! F i 2 . 2 y 2 X y  7Si-:=7 , F i 2 . 3 )
IF  CABS(TCi) .GE.TCA) GOTO 200  
REP=INT(X .L* iOOO)- l  
N-  L i  ft i  0 0 0 ~ R E P 
X ( i  ) -=0.. 0 
STEP- iE~03  
REM-1 - E+03 
REH3:- 1E--00 
B ::0 - 0 
K--0 - 0 
60 B-B+STEP 
BB:-6ftB 
K -K + i
XC J)=-L:L “X1 
H :Hi-+-B*X ( J )
Hi-i::-H3-t*BBftX ( J )
X l I I . l
T:=T.L-(2*B*X< J> )
Ui:-UI1 - ( 2*BB*X < J ) >
IF  ( T «L T «STEP) GOTO J.30 
IF  (w..LTu STEEP) GOTO :L30 
T2--=T.L+2-:tH.L 
0 2 : U*:L + 2*H3  
.5 F i - F H .
Y Y  j. + A *  ( ( 2 *  A L. 0 G ( T j. /  T ) ) *  *  F )
PS-- ( 6 * 0 S * 0  < I ) /B  ) *  < <H:i./  \ 2 *  < M * * 2 ) ) ) -  < 1 / i H) ) + ( 1/ ( 2*H 1) ) ) + ( P M / L I ) *
.i. C X i+  ( H i /  ( 2 * B ) ) -  ( ( Hi.* * 3 )  /  ( 2 * B *  ( M * * 2)  ) ) )
TC™- ( 0S*0  ( I ) / H * * 2  ) *  ( ( 4*B*X  ( J ) ) + < < PM*H 1 * * 3 )  /  < 2 * 0 S * 0  ( I ) *L  :L) ) +H1)
TCC -: (- (HH/2) * ( ( (6*03*0 ( J ) *B*X (J ) ) / (H**3) ) + ( (PM* (H1 **3) ) / C L j. * (H**3) 
1) ) ) ) - (0S*0 (I) /Hi-i)
T3--T2**2  
T 4 - T 2 * * 3  
T 3 ■A L u G ( T .i. /  T ) 
i-i 3 -■ A L. 0 G ( H / H i )
A.L -:3 * 0 S * 0  ( I ) 
r 2 :~ < A :i. /  4 )  *H :i.
A 3 P M *  ( H J. *  *  3 )  /  L :L 
A 4 k 3 *  A .1 /  4 )  *  < B *  i-i 3 /  B B)
A3 ~3*A.i./4 
A 6 A 3 *  H 3 *  B /  B B 
A 7™ A 3
A8:- < A1 / 4 )  *  ( B /BB)
C i. < < T.L *A J.) + ( 2 *  ( A2+A3) ) ) / T 3
C2: • ( ( 2 *T  :L *  ( A4+A7 ) )< - ( (  T 1 * * 2 )  * A 3 ) + ( 4 * A 6 ) ) /'T4
C 3 ( BB*T.i.) + ( 2 * B * H 3 )
• B :i.-■ ( 2*C :L) + ( 2 * 0 2 )  + ( 2 * B * A 8 / C 3 ) + ( 4 * B * Y 1)
B2--CH-C2B3::- ( (A2+A3- (i-i i * A1) ) /T 2) + ( (Tl* ( A4+A7) — (2*H.l* (T i + H l ) *A5) + ( 2*A6) ) / T 3 )
B 4 ~ ( A 6 + < < H i * * 2 ) * A 3 ) - ( H i * ( A 4 + A 7 > ) ) / T 2
BG-BB*A8/C3
B6:;;: ( 2 4 *  ( F i  + i  ) ) *B*A
SB- ( i / B ) *  ( < < B l / 2 ) * T 5 )  + <B2*H5> + < ( B 3 / i  ) * (  ( :L/H:L) -< 1 / H ) > > + < <B 4 / 2 ) *< < <1 
i / H i ) * * 2 ) - ( ( i / H ) * * 2 ) ) ) ) + < (B 5 /B B ) *  < ALOG < ( HH >/ H 3 ) ) ) + < ( B 6 / ( 2 * B * F 1 ) ) * ( T  
:i.s**F:i.) )  +s i  
YM--PS+SD 
RES-YH-Y 
E (K ) -=ABS (RES)
RES2^E<K)-E<K-1)
IF  ( ABS ( RES2) - LE.. REM3) GOTO 90 
IF  ( ABS ( RES) . LE. REM) G»GT0 90 
IF (R E S > 8 0 , 9 0 , 6 0  
0 B:-B-S"i EP 
STFP” STEP/.L0 
GOTO 60 
> H4” H~H.L-H-i2
PRT:- ( ( 2 *B *X  ( J ) ) / T :L) * 1 0 0
PRi*J-: ( j. -  ( W/'U I ) ) *  J. 00
P R A -• (1 -- ( ( W *  T ) /  ( U1 *  T 1) ) ) *  10 0
T C4-- ( ( H 4*PS) /  ( 2 * L 2 ) ) - ( 0 8 * 0  ( I ) / H 4 )
T C2 :L:: ( < H l-i* PS) /' ( 2*L.2) ) -- < 0 S  *  0 ( 1 )  /  Pi l-i)
S2 : ( (2*ABS (T C 4 ) *L2)/ (T ) ) + ( (2*ABS (TC2i ) *L2)/ (U ) )
SDi--SD+S2
AIII.2
UR I  11 (6  i 9 i.) P R T T , SD i  „ U, PRUPR A 
? :i. FORMAT ( 2 X , 7 PRT“ 7 , F8 - 0 ,  IX  , 7 %7 r F 8 « 5 ,2 X ,  r SD3. = y , F 1 5 .2  y 2X y 7 14=
i.7 ,,F 3 a 3 , 2 X y 7 P R U 7 j, r 8 j j , .i. X y 7 y 2 X ,, 7 L R A —7 i i- 8 3 » 1X ,f 7 7.7 )
GOTO .240 
.00 UR ITE ( 6 y .i. 40 )
40 FORMAT(2XP7 STRIP BREAKS AT THIS SPEED7)
SOTO 370 
•:0 w RIT E ( 6 y 2 20 )
    )
bt.i! u
:33 UR I7'E ( 6 240 )
.-.40 FORMAT ( ?X y 7 X.i. IB GT „ L I 7 )
Li3 CON7 INi.iE 
GOTO 370  
>0 -.4 < I  i E ( c> 6 0 )
;»0 FORMAT<2X?7.... - .............   - CONDITION OF SLIP DETECTED      7 >
DO 340 J. I  ~ 1 60 
v < I J.):- VH I )
X ( ) :0 .. 0
B.iO: 0„0  
i\ • 0.. 0
STEPI: • IE-OS  
REN i  .i.E05 
F I  :i t-F 
X (J )  ■••Li“~X:L 
•7 0 B10 - B :i. 0+S T E P1 
i\ ::K* i.
BB.i " b^BiO 
T :T i. •••• ( 2 * B j. 0*X < J ) )
U ••• UI  -  ( 2 *  B B i  *  X ( J ) )
J.F ( T L T « 0 ) GOTO 130 
I F ( W..L T »0) GOTO 130 
YY.i. +A* ( ( 2*ALGG ( T 1 / T ) ) * * F )
H:" Hi <-BiO*X ( J ) 
i -i H - i-i 3 *• B 3 i *  X ( J )
T3: -ALOG ( T i / T )
T6 -ALOG( T / T i )
PS~ ( 6 * 0 3 * 0  ( I I )  /B:LO) *  ( ( Hi /  ( 2 *  < H * * 2  ) ) ) - ( i / ( H )  ) + ( ! / ' ( 2 *  Hi ) ) ) • + (  PM /L i  ) *  ( 
i. Xi. + ( H i /  ( 2 * 3 .i.0 )  ) -  ( (H i  * * 3 )  /  ( 2*B J.0 *  ( H * * 2 ) ) ) )
5D:--( 2*Y i * T 5 ) + ( ( ( 2 * * F  .L) *A/'F j ) *  ( T 3 * * F  1) ) + ( ( T C I / B I O ) * T 6 ) + ( (T G 3 /B B 1 ) *  
.LT6)+Si  
Yivi-PS+SD 
RES1--YM—Y 
E ( i \ ) ABS ( RES i  )
RE54--:E ( N ) -E  ( N - i  )
IF  ( A B S ( F; E S 4)  . L. E - R E M 3)  GOTO 310  
I F  ( A B S ( R E S i  ) .. LE - REM i ) GOTO 3 i  0.
7 F ( RESi ) 300 y 3 :i.0 ,270  
j 0 B .i. 0 :: B J. 0 -- Q T E p .1 
STEP:L-STEP:i./:i.()
GOTO 270  
I  .< 0 i-i 4 1" K -  H i  + ri 2
T C 2 i - ( ( P S * H 4 i ) / 2 * L 2 ) - ( 0 5 * 0  ( 1 1 ) / H 4 i )
TC31 ( (PS*i-IH) /2*L2) - ( 0S*0 (I I) /HH)
AIII.3
822 ~ ( ( 2ftAB5 (*TC2.i.) *L2) / (T ) ) + < (2*ABS ( I S3 J.) *L2) / < U >) b D2:-SD+S 2 2 
P E N  C .i. -  (w/iJ i. > ) ft .i. 0 0  
F E  T - < :i. - i 7 / T :i.)) ft i. 0 0 
8 A  •“ ( .i. -• < ( 'Aft7) / (U.i.ftT I > > > ft :i.0 0  
H E  :■ T F  < 6 v 3 4  .i. ) v  \ 1 I )
8 4 i. FOR ri A 7 (2Xy 7 0 ■=7 , F6 . 4 )
4 k j 7 E ( 6 y 346)  PET y PEWPR A346 FORMAT ( 2X y 7 P R 7 7 y F8 u 4 y .i. X y 7 X 7 y 2 X y 7 PEU:-7 y F B . 4 y i X „ 7 2 7 y 2X y 7 PEA::-7 y FS «4 y 
I. i.Xy 73 7 >
WRI7F ( 6 y 348 ) PS y SB y SB2 
3 4 8 F 0 R M A 7 < 2 X y 7 P 3 7 y F :i. 0 .. 0 y 2 X y 7 8 7 f F :i. 0 .. 0 y 2 X y 7 S B =-7 y F :L 0 „ 0 >
347 WR “ 7E ( 6 , 330)
3 3  0  F A R i i A  I ( 2 X r 7 ft ft ft ft ft ft ft ft ft ft ft ft- ft ft ft ft ft ft ft ft ft ft ft -jr ft ft ft ft ft ft ft -ft ft -ft *  ft ft ft ft ft ft ft ft ft ft ft ft ft ft ft ft ft ft ft ft
.i. -.Tftftftftftftftftftftftri-ftftftft 7 >
o < i ) : o ( I 1 ) + o o  :i.
I 7 (0 ( I ; .. A E .. 0 * 3 i.). (3 0 7 (3 370  
360 CONTINUE 
37 0 • R17 E ( 6 38 0 )
380 FOR Fi A 7 ( 2X y 7 TO RUN THIS PROGRAMME AGAIN TYPE :Ly7 y/ ' y
j. 2Xy 7 OTHERWISE TYPE 0,. 7 )
RFAB(3  v ft) SC 
X F ( C C.. E Q.. .i. > G 0 70 5
STOP
END
AIII.4
LISTING OF THE COMPUTER PROGRAMME FOR HEWTUM-LftH, NUMERICAL SOLUTION
DIMENSION 0 (5 0 0 )  y P (5 0 0 )  , T (3 0 0 )  , E ( J.0 0 0 )  , E l  ( 1000)  y S ( 5 0 0 )  „ PS ( 5 0 0 )  
DIMENSION H( 5 0 0 ) yTC C (50 0 > yT C ( 5 0 0 ) yY ( 1 0 0 0 ) yX ( 5 0 0 ) yU ( 5 0 0 ) yHH(500)  
REAL L i . ,L 2  
5 WRITE ( 6 r :10 )
:i.O FORMAT(2Xy 77HIS PROGRAMME CALCULATES THEORETICAL7 y/ / y2 X y
1 7REDUCTION IN THICKNESS AND WIDTH OF STRIP USING NUMERICAL SOLUTIO 
I N 7 y/ / y2 X y 7ASSUMING NEWTONION BEHAVIOROF POLYMER MELT7 ) 
wRITE( 6 yI 3)
15 FORMAT( 2X ? 7 INPUT UNIT DIMENSIONS H I y H2 y H3y L I y L2 IN  METERS7)
READ ( 3 ,  * )  H i  , H2 „ H3 , L J. y L2 
WR I  TE" (6  y 20)
FORMAT(2Xy 7 INPUT I N I T I A L  THICKNESS T i  AND WIDTH W l7 )
READ (3., * )  T 1 y N1 
WRITE( 6 y25)
F0RMAT<2Xy7 INPUT I N IT IA L  YIELD STRESS YO y STRAIN HARDENING CONSTANT 
i.AySTRAIN HARDENING INDEX F 7)
READ C 5 y * ) YO y A y F 
WRITE C 6 v 26 )
FORMAT < 2X y 7 INPUT STRAIN RATE SENSETIUITY CONSTANTS SRC ySCR7 )
READ(5  y ft) SRC y SCR 
WRITE(6  y 30 )
FORMAT( 2 X , 7 INPUT I N IT IA L  yiSCOSITY OF POLYMER MELT VSO AND SHEAR S
:\U
30
iTRESS TCA7 )
y  ft ) y  b  JREAD(5  
READ(3  y ft) DD 
UEL:- 0.. 00 
DO 100 r . - i ,
CA
3 0
UELbUEL+O-Oi
PM=-6*yS*UEL*(Hi“ H 2 ) / (  ( ( H i * * 3 ) / L i )  + ( ( H 2 * * 3 ) / L 2 ) )
T C . L ( ySftOEL/H l) -  ( FMftHi/  ( 2 * L 1 ) )
TC2::- -  ( VS*UEL./H2) + ( PM*H2/ ( 2ftL2) )
TC3-— ( 0 SftOEL/H3) -  ( F’MftH3/ ( 2ftL 1) )
Xi=-YO/( (PM /L1)  + (2 * A B S (T C 1 ) /T 1 )  + ( 2 * A B S ( T C 3 ) / U 1 ) )
PI™( P M f tX i ) /L l  
WRITE( 6 y40)
40 FORMAT( 1H0 y 7 * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * *  I*************************7 )
W R ITE (6y4 5 ) H 1 yH 2yH3yL I yL 2 yAyOS 
45 FORMAT<2Xy 7Hi™7 , F 6 - 5 , 2 X ,  7H2™7 yF 6 - 5 y2 X y 7H 3=7 yF 6 . 5 y2 X y 7L i  = 7 yF 8 - 6 , 2 X y 
1 7L 2 ~ 7 yF 8 - 6 ,  7A™7 y F i O .0  y2 X , 7US-=7 „ F 6 .2 )
WRITE( 6 , 5 0 ) PM, UEL y T C I y X I , P i
50 FORMAT( 2 X , 7PM™7 , F 1 2 - 2 , 7UEL™7 ,F 4 . . 2 ,2 X ,  7TCi=-7 , F 1 0 M2 , 2 X y 
.L y 7P1 = 7 yF12..2)
IF  ( X I - G T . L i )  GOTO iOO 
REP™INT(Xif t lOOO)- i  
N 1. :i. * 1 0 0 0 -  R E P 
P ( i. ) :P i
S ( l ) ^ ( 2 * A B S ( T C l ) * X i / T i ) + ( 2 * A B S ( T C 3 ) * X i / U i )
PS ( 1 )  -:P ( L) +S ( 1 )
Y ( 1 ) ™Y0 
T ( i ) - = T i  
W( 1 )••• Wi 
H  ( j . )  ™ H  J.
HH ( 1 )  :-H3 
X ( i )  - X i
X l  = 7 yF 8 .
AIII.5
TO ( j .) ~TCi 
TOC < i  ) : TC3 
V( i.) =OEL 
DX“ 0.. 001 
DO 93 J “2 N 1 
STEP1 hi E- 0 3  
REMJ.E-05
K =0 .. 0 
55 B::B+S I L".P 
K =i\ + i
BB“ B*W :i./T.L
X ( J > :X < J - i . ) +DX
T < J > - T ( J -  j . ) -  ( B*DX )
W (J ) :U (J-i)-(BB*DX) 
l-i ( J) ::;H C J- ;i.) + •: 0 - 5*B*DX)
HH ( J ) "HH ( J—I ) + ( 0 » 5*BB*DX)
J F < T ( J ) hLT.O)  GOTO 150 
TFCW(J)aLT-O) GOTO 150 
U <J ) =■• V ( J - 1) *W ( J -  :L) *T  <J-:i. >/< W < J ) *T  < J ) )
OP ( PM* ( i-i.i.**3) /  ( L I *  ( hi ( J ) * * 3 )  ) ) + 6 * 0 S *  ( (0  ( J ) *H C J ) —UEL*Hi )
1 /<  H( J > * * 3 )  )T0 ( J) ~ < DP*H(J) /2 ) - (VS*V <J) /hi <J) )
P ( J ) ::DP*DX +-P ( J -  i.)
PF-- P ( J )
TOC < J ) = - ( DP*HH( J ) / 2 ) -  < 0 5 * 0 ( J ) /HH < J ) )
Fi-:.L + ( ( <V<J)*ALOG< ( W C J - i ) * T <J - i ) ) / ( U ( J ) * T <J > ) ) / D X ) /S R C ) * * ( i / S C R ) )
Y ( J ) - F 1 *  ( Y0+A * ( ( ALOG C ( W1 *T  1) /  < U < J ) *T  ( J ) )  ) )  * * F ) )
S ( J ) " ( ( ( T ( J - i ) / T ( J ) ) + ( U ( J - i ) / U < J ) ) - 2 ) * Y ( J ) ) + ( 2 * A B S ( T C ( J ) ) * D X / T ( J ) ) 
1 < 2*ABS<TCC( J ) ) *DX/W( J ) )  +S <J - l )
SS ::S ( J )
PS< J ) “~P< J)+S< J)
RES -PS ( J > - Y ( J )
E < K) - ABS(RES)
R E S .L E ( K) — E ( K — L)
IF (A B S (R E S ) .L E .1 E 0 5 )  GOTO 65 
I F ( ABS ( RES 1 ) » LE..REM) GOTO 63 
IF  (RES) 6 0 ,  6 5 /5 5  
60 B-B-STEP
STEP-5TEP/10  
GOTO 53 
6 h« PRT~( i - ( T ( J)/'T:L) ) * 1 0 0  
PRU - ( ! - ( iJ( J ) / W i )  ) * 1 0 0  
PRA~ ( i -  ( W ( J ) *T ( J ) ) /  ( U i * T  1 ) ) * 1 0 0  
H4 • :H ( J ) -Hi-f-H2
TC4--( <P< J ) * H 4 ) / (  2*1.2) ) -U S*0<  J ) / H 4  
TC5--C (PC J ) * H H ( J )  ) / ( 2 * L 2 )  ) - 0 S * 0 (  J ) /H H (  J )
S2" ( 2 * ABS ( TC4) * L 2 /T  ( J ) > +2*ABS ( TC5) *L_2/U ( J )
SB-“S ( J ) + S2 
IF  < DB.. EQ.. :i.) G0T095 
70 wR.ITE(6y 7 3 ) B / PF,Y(  J)  v>X ( J ) vT ( J ) ySS
75 FOR HAT ( 2X y 7 B~7 y F 6 .9  , 2X „ 7 P - 7 y F12 - 2 , 2X , 7 Y=-7 y F 1 2 .. 2 y 2X r 7 X:- 7 r F8 .. 5 y 2X 
i y 7T -7 ,F9„6,2X,  7S-=7 , F i 2 . 2 )
80 WRITE( 6 y8 5 ) PRTyPRWyPRAr0 ( J ) ySB 
85 FORMAT ( 2X y 7 PRT*-7 y F 8»5 y i  X y 7 2 7 y 2X y 7 PRU-7 y F 8 .. 5 y IX  y 7 2 7 y 2X y 7 PRA--7 yF 8 . .5 y
AIII.6
7)
j.2X , 7 0D:- 7 , F4 .. 2 ,  2X , 7 8D--7 ,F 16 . ,2 )  
wRITE( 6 , 9 0 )
90 FORMAT( 2 X , r »- -.
93 CONTINUE
I  F ( p. B 5 ( T C i  ) .. G E T  C A ) G □ T 0 J. i  0 
IF  ( :u U a N £ „ i.) G 0 T 0 :i. 0 0 
WRITE(fiy 9 6 ) PRT j.PRW, PRA, PF , SB, SIi 
96 FORMAT ( 2 X , 7 PRT 7 F 8 .. 3 ,  j. X 4 7 .£7»2 X , 7 PRW~7 , F8 - 3 ,  .1X , 7 3 7 , 2 X , 7 PR A - 7 * F 8 «5,
.i. :i X , 7 /  7 , 2 X , 7 PS™ 7 , F:i.2..2 , 2X, 7 S=-7 , F12 - 2 , 2 X , 7SD=7 , F 1 2 . 2 )  
i.00 CONTINUE 
GOTO :i.80 
j. i. 0 WRITE ( 6 , i. i. 3 )
.i 13 FORMAT ( 2 X , 7 && CONDITION OF SLIP WAS DETECTED.i. £ E7 )
DO170 I " 1 ,  60
UEL;::vEL
DO 143 J :-2,N..  i  
{J ( .i.) ~VEL 
STFP"1E -0 3  
REM.i. ••• iE  •• 03 
B::-0 «0 
i\j. -"0.. 0 
120 B----B+STEP 
K1 -i\ .i. + .i.
BB“-B*U:i /T:i
X ( J ) :X ( J - i  ) + BX
T( J ) - T <  J - i )  -<B*DX)
W (J )~ W (J - i ) -< B B # B X )
HH < J ) HH ( J - 1) +0 - S*BB*DX 
I F ( T ( J )  .L T .O )  GOTO 130 
I F ( W < J ) « LT «0) GOTO 130 
H ( J ) -i-i ( J - i ) + 0 .  5*B#BX
V ( J ) =--0 ( J - i  ) *W < J - i ) *T < J - i ) / <  W( J > *T  < J ) )
P F - P ( J )
F l = l  + ( ( <U<J)*ALOG< <U< J - i > * T <  J - i )  ) / (W <  J ) *T <  J).) > /D X ) /S R C ) * * <  I /S C R )  ) 
Y ( J )  - F i * ( Y O + A * ( < A L O G ( < W i * T i ) / < U < J ) * T < J ) ) ) ) * # F ) )
5 ( J ) :=-( ( <T( J - i ) / T <  J )  ) + <W< J - i ) / W <  J)  ) - 2 ) * Y <  J)  ) + <2*ABS(TC:L ) * D X / T < J ) ) 
i  + ( 2*ABS ( TC3) *BX/W ( J ) ) +S ( J - .L )
SS-~S( J)
PS ( J ) ••-P < J ) +S < J )
RES2--PS ( J ) -Y  ( J )
E i  ( K1 ) :: ABS ( RES2)
RES3 -:E L ( Ki ) - E i  ( K-.L)
:;:F(ABS(RES2) .L.EuiE 0 3 )  GOTO 130 
I F  ( ABS ( RES3) „ LE H REM i.) GOTO 130 
I F ( RFS2) 1 2 3 , 1 3 0 , i  20 
123 B :B—STEP
STEP---STEP/10 
GOTO j. 20 
j. 3 0 P R T: • (1 -  ( T ( J ) /  T 1) ) >v 10 0
PRW ( i  -  ( W ( J ) /W L) ) *  100 
PR A"- ( j ~ ( W ( J ) »T ( J ) ) /  ( W1 *T  i  ) ) *1 0 0  
S2~: ( 2*ABS( TCJ.) * i _ 2 / T ( J ) ) + ( 2*ABS ( TC3) #L2/U  ( J ) )
5D:;S2+S< J)
AIII.7
I F ( DO. EQ „ .i.) GOT0 L43 
UR J 7 E < 6 r J. 3 i  ) X ( J ) 
i. 3 L FORMAT ( 2X y 7 X : 7 y F 6 .. 4 )
133 U R I 7 E (6  r 1 4 0 )  P R T y P RU y P R A y V E L. r P F r S S y S D
i. 40 FORMAT ( 2 X , 7 PRT -=7 , F 8 .. 3 ,2X*  7 PRU-=7 , F8 .. 6 , 2 X , 7 PRA--7 y F 8 6 y 2X y 7 O'EL. =••7 y F6 - 4 
;i. y 2X y 7 PS--7 y F 1 2 . 2 P 2X .. 7 S= 7 y F 1 2 .2  r 2X y 7 SD=7 r F 1 2 . 2 )
143 CONTINUE
IF ( DO.. NE - :i ) GOTO 180 
OR I  TE (6  f .i. 46 > UEL
146 FORMAT ( 2X 7 7 UED- 7 y F 6 .. 4 >
OR I  TE (6  y 147 > PRTPRO f PRA y PF M SS y SD
147 FORMAT < 2X v 7 PRT: 7 r F 8 „4 y IX  r 71 7 y2 X y 7PRU^7 y F 8 .4  y I X y 7Z 7 y 2X y 7PRA-7 yF 8 . .4 y 
1 2X y 7 P S ■■7 F I  2.. 2 y 2X, 7 5 7 y F i  2 .. 2 y 2X y 7 SD--7 y F 12 - 2 )
VEL.:- VFL+O-Oi  
IF  ( v E i.. . G T .. 0 •. 3 3 )  G 0 T 0 1 8 0 
GOTO 170 
130 OR IT E < 6 , i6 0 )V < , .J ) .
.1 60 FORMAT <2Xy 7 STRIP BREAKS AT THIS SPEED7 y2 X y 7U:- 7 y2 X yF9.. 5 )
GOTO 180 
170 CONTINUE 
180 ORITE(6 * 190)
190 FORMAT(2Xy7T0 RUN THIS PROGRAMME AGAIN TYPE i y 7 y/ y 
i.2Xy 7OTHER OISE TYPE 0 - 7 )
READ( 5 y * ) CC
I F  ( C C.. E 0 . 1 ) 6 0  T 0 5
STOP
END
AIII.8
LISTING OF THE COMPUTER PROGRAMME FOR
NON-NEWTONIAN ANALYSIS
DIMENSION V ( 2 0 0 ) , E 1 ( 2 0 0 0 ) , P ( 2 0 0 0 ) , S < 2 0 0 0 ) , E 1 0 ( 2 0 0 0 )
DIMENSION Y ( 2 0 0 0 ) , F'5( 2 0 0 0 ) , T (1 5 0 0 )  ,H (  1500)  ,X (  1500)
DIMENSION HH( 1 5 0 0 ) , W(1 5 0 0 )
DOUBLE PRECISION F’O I S l , GUET1, T 1 1 , T12 ,  PHYl 
DOUBLE PRECISION P 0 I S 2 , QUET2, T21 ,T2 2 ,P H Y 2  
DOUBLE PRECISION P 0 I S 3 , GUET3, T 3 1 , T 3 2 , PHY3 
DOUBLE PRECISION P 0 I S 4 , QUET4, T 4 1 , T 4 2 , PHY4 
DOUBLE PRECISION P 0 IS 5 ,G U E T 5 ,T 5 1 ,T 5 2 ,P H Y 5  
REAL L 1 ,L 2
5 W R IT E (6 ,10)
10 FORMAT(2X,7THIS PROGRAMME CALCULATES THEORETICAL 7 , / , 2 X ,  
l 7PERCENTAGE REDUCTION IN  AREA OF S T R IP 7 , / , 2 X ,
1 7USING STEPPED REDUCTION UNIT ASSUMING NON-NEUTONIAN BEHAVIOUR 
10F POLYMER MELT7 )
W R IT E (6 ,2 0 )
20 FORMAT( 2 X , 7 INPUT L I , L 2 , H l , h 2 , H 3  IN  METERS7 )
READ( 5 , * ) L I , L 2 , H 1 , H 2 , H 3  
WRITE( 6 , 3 0 )
30 FORMAT(2X,7 INPUT I N I T I A L  YIELD YO,STRAIN HARDENING CONSTANT K, 
1STRAIN HARDENING INDEX N7 )
R E A D ( 5 , * ) Y 0 ,A ,F  
WRITE( 6 , 4 0 )
40 FORMAT(2X,7 INPUT I N I T I A L  THICKNESS T l ,W ID TH  Wl 7 )
R EA D (5 ,* )T1 ,W 1
W R IT E (6 ,5 0 )
50 FORMAT(2X,7 INPUT IN I T I A L  VISCOSITY VSO , SHEAR STRESS CONSTANT K l ,  
12X,CRITICAL SHEAR STRESS TCA7)
READ( 5 , * ) V I S , PC, TCA 
WRITE( 6 , 6 0 )
60 F0RMAT(2X,7 INPUT STRAIN RATE SEN SIT IV ITY  CONSTANT N AND T 7 )
READ( 5 , * ) SR, SC 
W R IT E (6 ,7 0 )
70 FORMAT(2X,7T0 INCLUDE STRAIN RATE S EN SIT IV ITY  TYPE l , 7 , / ,
1 2 X , 7OTHERVISE TYPE O7 )
R EAD(5 ,* )AA
W R IT E ( 6 , 9 0 ) L 1 , L 2 ,H 1 , H 2 , H 3 ,Y O ,A ,F
90 FORMAT(2X,7L 1 = 7 , F 8 . 4 , 2 X , 7L 2 = 7 , F 8 . 4 , 2 X , 7H1=7 , F 8 - 5 , 2 X , 7H 2 = 7, F 8 . 5 ,  
12X, 7H3=7 , F 8 . 5 , 2 X ,  7 Y 0 = 7 , F 1 2 . 2 , 2 X ,  7K=7 , F 1 2 . 2 , 2 X ,  7N=-7 , F 4 . 2 )  
W R IT E (6 ,9 5 )V IS ,P C ,T C A ,S R ,S C
95 FORMAT(2X,7V I S = 7 , F 6 . 2 , 2 X , 7K1=7 , F 1 4 . 1 2 , 2 X , 7TCA=7, F 1 0 . 2 , 2 X ,
1 7 SR=7 , F 8 . 2 , 2 X , 7SRC=7 , F 4 . 2 )
READ(5 ,* )DD  
VEL=0.00  
100 DO 290 1 = 1 ,5 0  
VEL=VEL+0.02  
PM=0.0  
STEP1=1E06 
R E M l= lE -0 8  
110 PM=PM+STEP1 
DP1=PM/L1
P 0 I S 1 = ( 4 + ( P C * ( D P 1 * * 2 ) * ( H 1 * * 2 ) ) ) / ( 1 2 # P C )
GUET1=( V IS * V E L ) / ( 2 *P C *H 1)
T 1 1 = -Q U E T 1 + (D S G R T ( (G U E T 1 * * 2 )+ (P 0 IS 1 * *3 ) ) )
T12=+QUET1 + (DSQRT( ( QUET1**2 ) ± ( P 0 I S 1 * * 3 ) )  )
P H Y 1 = (T 1 1 # # (1 / 3 ) ) - ( T 1 2 * * ( l / 3 ) )
AIV.l
TCl=PHYl-(DPl#Hl/2)Gl = ((DP1*(H1**3))/(6*VIS))+((TC1*(H1**2))/(2*VIS))+(VEL*H1>+(PC/VI 1S)*((( (DP1**3)*(H1**5))/20) + ((DPl*#2)*(Hl**4)*TCl/4) + (DPl*<Hl**3> * l(TCl**2)/2)+((TCl**3)*(Hl**2)/2))DP2=PM/L2POIS2=(4+(PC»(DP2**2)*(H2**2)))/(12*PC>QUET2= (V I3*VEL) / (2*PC*H2 >T21=-QUET2+(DSGRT((QUET2**2)+(P0IS2**3)> >T22=+QUET2+(DSQRT((QUET2#*2)+(PQIS2**3)>>PHY2=(T21##(1/3))-(T22**(1/3))TC2=PHY2+(DP2*H2/2)
Q2=- < ( DP2* < H 2 * * 3 ) > / ( 6 * V I S ) ) + ( ( T C 2 * ( H 2 * * 2 ) ) / ( 2 * V I S ) )  + <VEL*H2) + <PC/V 
l I S ) * ( - ( ( D P 2 * * 3 ) * ( H 2 * * 5 ) / 2 0 )  + < < H 2 * # 2 ) # ( T C 2 * # 3 ) / 2 )  + < < D P 2 * * 2 ) * ( H 2 * *14)*TC2/4)-(DP2*(H2**3)*(TC2**2)/2))RES1=Q1-Q2IF(ABS(RES1).LE.REM1) GOTO 130 IF(RESl) 120,130,110 120 PM=PM-STEP15TEP1=STEP1/10 GOTO 110 130 WRITE(6,140>140 FORMAT<IX,7I * * * * * * * * * * * * * * * * * * * * * * 7 )P0IS3=(4+(PC*(DP1**2)*(H3**2)) )/(PC*12)QUET3= (VIS#VEL)/(2*PC*H3)T31=-QUET3+(DSGRT((GUET3**2)+(P0IS3**3))>T32=-QUET3-(DSGRT((QUET3**2)+ (P0IS3**3)))PHY3=(T31#*(1/3))+(T32*x(1/3))TC3=PHY3-(DPl*H3/2)Xl=YO/((2*ABS(TC1)/T1)+(2*ABS(TC3)/W1)+(PM/L1))WRITE(6,150)PM,TCI,VIS,XI,VEL,TC3 150 FORMAT(2X,7PM=7,F12.2,2X,7TC1=7,F10.0,2X,7VIS=7,F6.2,2X,7X1=7, 1F8.5,2X,7VEL=7,F4.2,2X,7TC3=7,F10.2)IF(Xl.GT.Ll) GOTO 100 REP=(INT (Xl*1000.0)-1)N=L1*1000.O-REP P(1)=PM*X1/L1S<1)=(2*ABS(TCI)*X1/T1)+(2*ABS(TC3)*Xl/Wl)Y(1)=Y0PS(1)=P(1)+S(1)T (1)=T1 H(1)=H1 X(1)=X1 HH(1)=H3 V(1)=VEL W(1)=W1 DX=0.001 DO 230 J=2,N STEP4=lE-03 REM4=lE-05 B=0.0 K=0.0 160 B=B+STEP4BB=(W1/T1)*BK=K+1
AIV.2
X(J)=X(J-l)+DX T(J)=T(J-l)-(BxDX)U(J)=U(J-1)-(BBxDX)IF(TCJ).LT.O) GOTO 300 IF<W<J).LT.O) GOTO 300 
H(J)=H(J~1)+(0■ SxBxDX)HH<J)=HH<J-1)+0.5#BB*DXVCJ)=V(J-l)x((U(J-l)xT<J-l))/<U<J)*T(J)))DP=0.0 REM3=lE-08 STEP3=1E08 170 DP=DP+STEP3P0IS4=(4+((DPxx2)x(H(J)xx2)xPC))/(12xpC)QUET4=(VIS*V(J))/(2xpCxH<J))T41=-QUET4+(DSQRT(CQUET4x x2)+(P0IS4x x3)))T42=-QUET4-(DSQRT(<QUET4x x2)+(P0IS4x x3)))PHY4=(T4lxx(l/3))+(T42xx(l/3))
TC=PHY4-< DPXH( J ) x o . 5 )RES2=((DPx(H(J)xx3))/(6xVI5))+((TCx(H(J)xx2)>/(2xVIS))+(PC/VIS)x(( 1(<DPxx3)x<H<J)xx5))/20) + < <H(J)xx2)x(TCxx3)/2) + ((DPxx2)x<H<J)*x4)xlTC/4)+(DPx(H<J)xx3)x(TCxx2)/2)) + (V(J)xH<J))-Ql IF<ABSCRES2).LT.REM3) GOTO 190 IF(RES2)180,190,170 180 DP=DP-STEP3STEP3=STEP3/10 GOTO 170 190 P(J)=DPXDX+P(J-1)P0IS5=(4+((DPxx2)x(HH(J)xx2)xpC))/(12xpC)QUET5=<VIS*V(J))/(2xpCxHH(J))T51=-QUET5+(DSGRT((GUET5xx2)+(P0IS5xx3)))T52=-GUET5-(DSQRT((GUET5xx2)+(P0IS5xx3)))PHY5=(T5lxx(1/3))+(T52xx(1/3))TCC=PHY5-< DPXHH(J )XO.5)SRS=0.0IF(AA.NE.1)GOTO 200MSR=V(J)x(ALOG<(U<J-l)xT(J-l))/(U(J)xT<J))))/DX SRS=< MSR/SR)xx(1/SC)200 Y(J)=<1+SRS)x (Y0+Ax (AL0G(<U1xT1)/(U<J)xT<J))))xxF)S(J)=(Y(J)x((T(J-l)/T(J))+(U(J~l)/U(J))-2)) + (2xABS(TC)xDX/T < J)) + < 2 1XABS(TCC)XDX/U(J))+S(J-l)PS(J)=P(J)+S(J)RES3=PS(J)-Y(J)E1(K)=ABSCRES3)RES4=E1(K)-El(K-l)IF(ABSCRES3). LT.1E05) GOTO 215 IF(ABSCRES4).LE.REM4) GOTO 215 IF(RES3)210,215,160 210 B=B-STEP4STEP4=STEP4/10 GOTO 160 215 PRT=(1-(T(J)/T1))xlOO.PRU=(1-(UCJ)/U1))xlOO PRA=(l-((W(J)xT(J))/<Ul*Tl>)>*100 H4=H(J)-H1+H2 PF=P(J)
AIV.3
SS=S(J )216 IF(DD.EQ.1) GOTO 230240 WRITE(6,250)P(J),S<J),PS(J),Y<J),X(J),T<J),W<J)250 FORMAT<2X,'P=',F12.2,2X,'S=',F12-2,2X,'P+S=',F12.0,2X,'Y=',F12.2,2 IX,'X=',F6.4,2X,'T=',F8.5,2X,'W=',F8.5)WRITE<6,270)PRT,PRW,PRA,V(J)270 FORMAT(2X,'PRT=',FB.5,1X,'Z',2X,'PRW=',F8.5,IX,*Z*,2X,'PRA=',F8.5, 12X,'00=',F6■4)WRITE(6,280)230 FORMAT ('-------------------------------------------------------------
230 CONTINUEIF(ABS(TCI).GE.TCA) GOTO 320 IF(DD.NE-1) G0T0290231 WRITE(6,232)PRT,PRW,PRA,PF,SS232 FORMAT (2X, 'PRT=' ,F8.5,1X, ' Z ', 2X,'PRW= ' , F8 - 5, IX, 'X' , 2X, ' PRA=' ,F8.5, 12X,'PS=' ,F12-2,2X,'S=',F12.2)290 CONTINUE GOTO 550 300 WRITE<6,310)310 F0RMAT(2X,'STRIP BREAKS AT THIS SPEED')GOTO 550 320 WRITE(6,330)330 FORMAT(2X,'-------- CONDITION OF SLIP IS DFTECTED-------------- ')DO 540 1=1,50 UEL=UEL DO 430 J=2,N STEP10=lE-03 REM10=lE-05 B10=0.0 K10=0 X(1)=X1 0(1)=VEL 340 B10=B10+STEP10 K10=K10+1 BB10= < Wl/Tl)*B10 X< J)=X( J-D+DX HH(J)=HH<J~1)+0.5*BB10*DX W < J)=W(J-l)-(BB10*DX)T<J)=T<J-1)-(B10*DX)IF(T(J).LT.O)GOTO 300 IF(W(J).LT.O) GOTO 300 H<J)=H<J-l)+(0.5*B10#DX)0< J)=0< J-l)*< <W(J-l)*T(J~1))/<W< J)*T(J)))SRS=0.0IF<AA.NE.1)GOTO 350MSR=U(J)*(ALOG<(U<J-l)*T<J-l))/<W(J)*T<J))))/DX SRS=< MSR/SR)** <1/SC)350 Y<J) = (1+SRS)*(Y0+A*<AL0G< <W1*T1)/(W<J)#T<J)))>**F)S<J) = <Y< J)*<<T(J-l)/T(J)) + <W<J-l)/W<J))-2)) + < 2*ABS < TCI)*DX/T < J)) + < 12*ABS(TC3)*DX/W(J))+S<J-l)PS(J)=P(J)+S(J)RES10=PS(J)-Y(J)EIO(KIO)=ABS < RES10)RES20=E10(K10)-E10(K10-1)
•AIV.4
IF(ABS(RES10).LT.1E05) GOTO 361 IF(ABS(RES20).LE.REM10) GOTO 361 IF(RES10)360,361,340360 B10=B10-STEP10 STEP10=STEP10/10 GOTO 340361 PRT=(1-(T(J)/T1))*100 PRW=(1-(W(J)/W1))*100PRA=(l-((W(J)*T(J))/(Wl*Tl)))*100 H4=H(J)-H1+H2 PF=P(J)SS=S(J)362 IF(DD.EQ.l) GOTO 430365 WRITE(6,366)VEL366 FORMAT(2X,'UEL=',F5.3)370 URITE(6,330)P(J),S(J),Y(J),X(J),T(J),U(J)380 FORMAT(2X,'P=',F12.2,2X,'S=',F12.2,2X,'Y = ',F12.2,2X,'X-',F8.6,2X 1,'T=',F8.5,2X,'W=',F8.5)WRITE(6,400)PRT,PRW,PRA,U(J),SD 400 FORMAT(2X,'PRT=',F8.5,2X,'PRW=',F3.5,IX,’Z f,2X,'PRA=',F8.5,2X,'VD 1',F6.4,2X,'SD=',F16.3)WRITE(6,410)410 FORMAT(2X, '----------------------------------------------------------
430 CONTINUE IF(DD.NE.1)GOTO 436431 WRITE(6,432)PRT,PRW,PRA,PF,SS,OEL432 FORMAT(2X,'PRT=',F8.5,1X,'Z',2X,'PRW=',FB.5,1X,'Z',2X,'PRA=',F8.5 1,IX,’Z ’,2X,'PS=',F12.2,2X,'S=',F12.2,2X,'VEL=',F4.2>WRITE(6,435)435 FORMAT (2X,
I* * * * * * * * * * * * * * * * * * * * * * ’ ).436 VEL=VEL+0.02IF(VEL.GT.0.51) GOTO 550 540 CONTINUE 550 WRITE(6,560)560 FORMAT(2X,'TO RUN THIS PROGRAMME AGAIN TYPE 1')READ(5,#)CCIF(CC.EO.1) GOTO 5STOPEND
AIV.5
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TECHNOLOGICAL SYSTEMS AND MODELLING
A MATHEMATICAL MODEL FOR PLASTO-HYDRODYNAMIC DRAWING OF NARROW STRIPS
G R Symmons*, A H Memon*, M S J Hashmi**
* Department of Mechanical and Production Engineering, Sheffield City Polytechnic, England ** Head of School of Mechanical Engineering, NIHE Dublin, Ireland
Abstract Plasto-hydrodynaraic drawing of circular cross-section wire has been modelled previously. In this technique the deformation to the wire is caused by the combined effect of axial pull and radial pressure generated due to the hydrodynamic action of a viscous fluid. The extent of deformation is such that for a moderately viscous fluid with Newtonian characteristics fracture of the wire is predicted at drawing speeds in excess of about 5 m/s even though the smallest bore size of the hydrodynamic pressure unit is larger than the undeforraed diameter of the wire.
In this study, a closed form mathematical model has been developed for predicting the reduction in area of a rectangular cross-section narrow strip pulled through a unit having stepped rectangular cavity which is filled with a viscous Newtonian fluid; the smallest section of the stepped cavity being greater than the section of the undeforraed strip.
It is suggested that gross deformation and indeed fracture could take place in a strip of rigid strain hardening material at moderate drawing speeds even though no metal to metal contact occurs.
Key Words Strip drawing; Newtonian flow; Plasto-hydrodynamics; Plane strain; Strain hardening; Reduction in area.
INTRODUCTION
When a solid continuum is pulled through an orifice filled with a '• .ous fluid, shearing takes place at the interface of the fluid and the solid continuum. If the fluid film is converging in the direction of pull then, in addition to the shear force a hydrodynamic pressure is generated. The magnitude of the shearing and pressure depends upon the speed with which the continuum is pulled, the viscosity of the fluid and the geometrical configuration of the orifice which contains the fluid. The shearing causes a drag force on the continuum which combined with the effect of hydrodynamic pressure may be sufficient to initiate plastic yielding and produce permanent deformation to the continuum. This is enhanced by the use of a polymer melt as the fluid that 1. has substantial value of viscosity.
Hashmi and Symmons (1983) presented analytical solution of the deformation process of a wire being drawn through a conical orifice in which 2 .the minimum bore was greater than the undeformed wire and no conventional reduction dies used.The mathematical model for the drawing of circular cross-section continuum indicated that 3.deformation comparable to the conventional die system could be attained. Theoretical and experimental results by Symmons, Hashmi and Parvinmehr (1982) on a stepped bore orifice demonstrated that a percentage reduction in an of copper and mild steel wires of above 20% could be achieved using a low density polyethylene as the melt fluid. 1.
deformation of narrow strip, for a Newtonian fluid, incorporating linear strain hardening property of the material.
Equations are derived for the pressure and shear stresses generated on the width face of the strip and the plasto-hydrodynamic compatability equation is analytically solved to predict percentage reduction in thickness/area of the strip.
ANALYSIS
The analysis is based on the geometrical configuration of the process shown in figure la The process is divided in three zones shown in figure lb and are named as:
Inlet Zone, where the work piece is considered rigid and the viscous fluid is trapped into the space between the workpiec* and the unit.
Deformation Zone, from the poir.t where the workpiece deforms plastically up to the step.
Outlet Zone, beyond the step where it is assumed that the workpiece again becomes rigid.
In order to establish a mathematical formulation of the process the following assumptions are made.
Plane strain condition is assumed.
This paper presents a mathematical model of a stepped bore rectangular orifice for the 2. The viscous fluid has the characteristic of a Newtonian fluid.
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3. Flow is axial and laminar.
4. Isothermal conditions exist.
5. The film thickness is small compared withthe dimensions of the unit, hence thepressure is generated in X-direction onlyand acts normally across the width face of the strip causing reduction in thickness.
The parameter Pm for the case when no deformation occurs can be determined by considering the continuity of flow and is given 
by
. 6WM- M  <10,
(hlA.1 * h,s /L,)
Extent of Inlet Zone
6 . Shearing effect along the thickness face of the strip is considered to be negligible.
7. Deformation takes place before the step and no deformation takes place after the step.
For a Newtonian fluid 
3uT = U 3- Sy
and for equilibrium
SPSx siSy
(1)
(2)
Differentiating equation (1) with respect to y and substituting in (2) we obtain
SJU _ I SP SyJ u 3x (3)
Integrating equation (3) and applying boundary conditions that
U = V at Y = 0 (At the surface of strip)
U = 0 at y = hi(At the surface of unit wall)
an expression for determining velocity at any point in the flow is given by
I) = ^  ( f ^ )  (y2 - hiy)+V(l-y/hi) (4)
Differentiating equation (4) and combining with equation (1), it can be shown that
T = i(f)(2y-hD -H Z (5)
Equation (5) gives an expression for shear stress at any point in flow at the fluid and strip interface.
Using equation (4) and (5) the flow of the fluid and shear stress at the surface of the strip, when no deformation occurs, in the inlet and
(6)
(7)
(8) 
(9)
outlet zones can be defined by
Ox hi= “ 12u ,3p,(S^h
Vhi 
+ —
A hi Sp Vh,12U (Sx)j + ~
Ti --**-(■2 1— ) - Sx 1 nv■ hx
T2 II Spw  - MV' h2
The axial distance Xi from the entry point of the orifice where plastic yielding takes place in the strip may be determined by considering the Plasto-hydrodynamic compatability equation.
Using the Tresca Yield Criteria for plane strain condition
OXx + Pi = S,
where 
O x i
(11)
2TiX3
1*1
Substituting values of axi and Pi in equation (11) we obtain
Xl' in5’;. <I2)t, * Ll
Deformation Zone
Considering the geometrical shape in the orifice after the commencement of the plastic yeilding it is assumed that deformation takes place linearly so that film thickness at any point in deformation zone can be defined by
hp = hi + bx 
and the deformation profile may be described by
tp = tx - 2bx
also V = Vx
where 'b' is the constant and is slope of deformation line with x.
Referring to fig 1-c which depicts the deformation mode, Reynold's equation for a Newtonian fluid may be written as
h  lhp I* ■ £ lbl,vh> (13)
Now for given fluid viscosity u, the equation (13) can be written in the form
£ < h,I>p= ^ V ^ M h  (§£) (14)
But
=» b (Refer fig 1-c)
Now from steady state flow of the fluid it can be shown that
Sp(g^ ) = constant, and for a stepped
configuration the maximum pressure is at the step hence, ^  = Pq ^  ^  ^
And from volume constancy it can easily be shown that
vti\f g a »x ti-2bx 
. Let Vti = D
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= (ti-2bx)
. 3vx = 2bD 9x \ (ti-2bx)*
3h gVxSubstituting values of -g^ , Vx and -g—
Equation (14) becomes
~  (lr )p M9x 9x V  (tx-2bx)J 
where M = 12ybDhi + 6ubDtx
(15)
Integrating equation (15) with respect to x we obtain
> ii _(9^ ?hP " M2b(ti-2bx) + Ci (16)
where Ci is constant of integration, and applying boundary conditions that at x = 0 ,
9P pm . . , ,2^  = —  , hp = hx; value of Cx can be
determined which on substituting in equation(16) gives
, h> a M Pnjh]_ Hv9x*> P 2b(tx-2bx) Li " 2btx
substituting value of hp we obtain
. 9P _ M pra*lil9xt 2b(tx-2bx)(hx+bx)1 Li(hi+bx)J
_____M_____
2btx(hx+bx)1 (17)
Using partial fractions, intec ••'ing equation (17) we obtain
2M ln(tx-2bx) M
PP = b1 (tx+2hx)1 " 4b1(tx+2hx)(hx+bx)1
M 2M In(hx+bx)
b1 (tx+2hx)1 (hx+bx) b1(tx+2hx)1
pm^l___  +  M__
2bLx(hx+bx)1 4b1t1(h1+bx)1 + c,(18)
Applying boundary conditions at the point where deformation starts x = 0, Pp = Pi = pmXi
1*1
Value of Constant C2 can be determined which on back substitution in equation (18) gives
M
= b1 (tx+2h]H )1 [ln(tx-2bx}] 4b1(tx+2hx)
rj_ i i m:l^h'x ~ (hx+bx)1 |+ b1 (tx+2hx 
{^ hx (hx+bx)J + b1 (ti+2hx):
[ h,+bx~i P_ r hi hi “1ln ( hi 1 j + lT 1 + 2b “ 2b(hi+bx)1 j
+ r I JL14b1 ti J (hi+bx)1 h| |
Equation (19) gives hydrodynamic pressure distribution along the deformation zone
(19)
starting from Xi to (Li - Xi)
Now if 'hi' is replaced by ’hp' and V by 'Vx' 
equation (8) will give the shear stress at the surface of strip in deformation zone.
(hi+bx) 9P uv, *• T"   2-- hi+bx 
9P,Substituting values of (-^^ and Vx , we obtain
j  r  m  h  -Ii+bx)1 j 2b(ti-2bx) Li ” 2bti|Tp = 2 (h x)
UD(ti-2bx)(hi+bx) (20)
Now axial force equilibrium conditions for a small element in deformation zone, as shown in fig: 1-c gives
But
dOXp = - ^ ~[S + Tp cot©]
tp = ti - 2bx dt = - 2bdx 
1
(21)
and Cot© = - — (fig: 1 -c)D
Assuming material property to be rigid linearly strain hardening so that S = S0 + KE
. fclwhere e - ln ^  - ln rtV-2bx)'
Substituting values of dt, Cot©, Tp and S, 
equation (21) gives
2bS„dx 2bKln {(ti-2bx) W  dCTx “ (t -2bx)+ " (tx-2bx)
«dx
+ (
2b(ti-2bx)1(hi+bx)1 
pmhi _L dx
‘l 2bti (ti-2bx)(hx+bx)1 
2uD dx(tx~2bx)1 (hx+bx) (2 2)
Using partial fractions integration of equation (22) gives
CXp = - S0ln(tx-2bx) + y{ ln('t1-2bx^ <
M r 4 ln(tx-2b:
+ 2b b(ti+2h)1
4 ln(hx+bx) 1 “1
H)1 (hx+bx) j
b(ti+2h)1 (ti-2bx)
b(tx + 2hx)1 b(tx+2hi 
,pm^i( h\ _ _ M _  T _ 2 ln(tx-2bx)
Lx 2btx |_ b(t1+2h1)1
i 1hi) (hi+bx) j
2 ln(hi+bx)
b(ti+2hi)1 b(ti+2 j
H t iln(ti-2bx)b(ti+2hi)1 + b(ti+2hi)(ti-2bx)
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In (h 
b(ti+2h
l+bx) "I
1),J + ci (23)
Applying boundary conditions that at x * 0, 
2ti X i0Xo = Ox, = -----
Value of constant C, can be determined which on substituting in equation (23) we get
OXp  ■ S0 1-n (tl_2bx) + 2 ^ln(t1-2bx) *
i f2b |_1
4 In (-- -I— )tx-2bx . 2+ I_b(ti+2hi)J b(ti+2hi)1hx+bx 4 mt-HY-)
(ti-2bx) ti b(ti+2hi)1
{ J }{J___ I— >~)1 b(tx+2hx)J hx hx+bx _|
+ [~Pmhi _ M I r (tx-2t
|_ Lx 2btxJ I. b(tx+2hx)1
2 In (tx~2bx)
 
„ (hx+bx)2 ln hi
b(tx+2h1)1
r 1 w  1 1 f|
+ b(tx+2hx); hi ~ (hx+bx) _|
.. r1"(tT-2bkV 1
+ ^  |_b(tx+2h1)1 b(tj+2hx)
{ }+  ,(tx-2bx) tx b(tx+2hx)*|
2TxXx (24)
Equation (24) is an expression for determining the axial stress at a point distant x from the point of yielding.
Once the plastic yielding takes place the deformation will continue as long as the yield criteria
Pp + Oxp = S 
or Pp + OXp - S = 0 
is satisfied.
(25)
It has been assumed that the deformation stops at the step where x = Lx - Xx and t_ = tx - 2bx. Keeping these values ln equation (19) and (24), It can be shown that the only unknown parameter is 'b‘. For a given drawing speed the value of 'b' may be determined using iteration process to satisfy equation (25). Once the value of 'b' is established the reduction in thickness at any point for Xx<X<Lx is given by t = tx-2bx. Thus the percentage reduction in thickness/area of the strip can be determined by (l-tpjx 100.
tx
Results
In order to demonstrate the implication of the theoretical analysis, a number of sample calculations have been made. The calculations of different parameters were made using the equations derived in the previous section. The standard values of the parameters were assumed to be as follows:
Viscosity of the fluid n = 100 NSra 2
Initial gap hx = 0.5 mm
Final gap h, = 0.025 mm
Inlet length of DRU (before step)Lx = 90 cm
Outlet length of DRU (after step)L, = 30 cm
Original thickness of strip tx = 1.6 mm
Initial yield stress of the strip material S0 = 50 KNm~J
Strain hardening factor of the strip material K = 380 MNm~J
The effect of the changes on these parameters on the point Xx, where plastic deformation commences and on the percentage reduction in thickness/area (PRA) is demonstrated graphically in figures: 2-7.
Discussion
Figures (2) and (3) show the variation of hydrodynamic pressure and axial stress respectively for the various drawing speeds with the standard geometric size of DRU. They show a linear relationship with distance x up to the point where deformation starts. Significant values of the pressure and axial stress are developed at the step.
The effect of the gap ratio hx/hj on Xx and PRA is shown in figures (4a) and (4b) respectively. These graphs show that initial gap has significant effect on both the point of initiation of yielding and the amount of reduction. For smaller values of initial gap the deformation occurs further away from the step and a larger reduction in area is achieved even at a slow speed. These graphs demonstrate that with a smaller gap ratio of 10 the deform­ation is of such an extent that strip fracture can occur at a slow speed of .25 ms . For higher gap ratio of 50, deformation takes place to a lesser extent at higher drawing speed.
Figure (5) shows the effect of fluid viscosity on PRA. This figure suggests that at slow drawing speed max reduction could be achieved by using more viscous fluid. The strip fractures at a speed greater than 0.5 ms-1 with a fluid viscosity of 150 NSra-1. For higher drawing speeds low viscosity fluid should be used. Figure (6) shows the effect of initial yield stress on PRA. This graph suggests that larger permanent deformation could be achieved with lower yield stress at a speed lower than 0.8 ms-1. The figure also demonstrates that higher yield stress has no significant effect on the attainable deformation except that of drawing speed.
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The effect of inlet length Li of the DRU on PRA is shown in figure (7). From this figure it is evident that the extent of inlet length limits the range of working speed. With longer inlet length the deformation range occurs at the lower drawing speeds.
Conclusion
It is evident that it should be possible in practice to affect gross permanent deformation of narrow strip with this process without using conventional die.
From the above discussion it is obvious that initial gap has significant effect on the performance of the system and with a smaller gap of .2 mm, maximum reduction of about 45% can be achieved at a slower speed of .25 ms-1.An increase in the first land and viscosity have direct effect on the reduction of the area.
Notations
h = Gap between strip and unit wall
L = Length of unit 
t = Thickness of strip 
W = Width of strip
b = Factor determining theoretical profile
K = Material constant 
P = Hydrodynamic pressure
T = Shear stress 
Ox = Axial stress 
V = Drawing velocity 
li = Dynamic viscosity of fluid 
0 = Flow rate of fluid
Xi = Distance from inlet to the point at which deformation starts
S0 = Initial yield stress in plane straincondition
Pm = Maximum pressure in the unit at step ifno deformation occurs
Subscripts
1, refer to the inlet zone when nodeformation occurs
2 , refer to the outlet zone when nodeformation occurs
p, refer to the deformation zone
Ci, C,, C,, Coefficients of integration
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ABSTRACT Plasto-hydrodynamic drawing of narrow strip 
has been modelled where the deformation to the strip is 
caused by combined effect of axial pull and the pressure 
generated due to hydrodynamic action of a viscous fluid.
The process is novel in that no conventional dies are used. 
A mathematical model has been developed for predicting the 
reduction in area of a rectangular cross-sectional strip 
pulled through a chamber filled with a viscous fluid and a 
unit having a stepped rectangular cavity. The model 
assumes the fluid behaves as a Newtonian fluid and the 
strip hardens with deformation and includes the effects of 
three dimensional deformation.
Computer results from the model are presented which 
show the influence of the geometry of the hydrodynamic 
unit and fluid viscosity on the deformation of the strip.
exists;
3 No deformation takes place after step;
4 Hydrostatic condition is developed after the 
generation of hydrodynamic pressure.
Inlet Zone
Fig Ic depicts a section of the inlet zone. This 
section is divided into two sub-sections 'A' and 'B'. 
Section A refers to the flow along width face and Che 
section B refers to the thickness face of Che scrip.
Reynolds equation for one dimensional flow, assuming 
viscosity to remain constant is given by
Keywords: Strip drawing, Plasto-hydrodynamics,
Newtonian flow, strain hardening.
INlRODUCTION
When a solid continuum is pulled through an orifice 
filled with a viscous fluid, shearing takes place at Che 
interface of Che fluid and the solid continuum. If the 
fluid film is converging in the direction of the pull 
Chen, in addition to Che shear force a hydrodynamic 
pressure is generated. The magnitude of che shearing and 
pressure depends upon che speed with which Ch<= ..cinuum 
is pulled, the viscosity of che fluid and the geometrical 
configuration of Che orifice. The shearing causes a drag 
force on the continuum which combined with che effect of 
hydrodynamic pressure may be sufficient to initiate 
plastic yielding and produce permanent deformation to the 
continuum. This is enhanced by the use of a polymer melt 
as the fluid that has substantial value of viscosity.
G R Symmons ec al (I, 2) and M S J Hashmi et al (3, 4) 
have presented models for deformation process of wire and 
circular concinuum using conical and stepped bore orifices.
This paper presents a Newtonian model of a stepped 
bore rectangular orifice for the deformation of narrow 
strip. The strain hardening effect of the material yield 
strength and the deformation in boch the thickness and 
width of the strip is included in Che analysis. Computer 
solutions are presented for the pressure, axial stress 
and reduction in area of the strip for a wide range of 
drawing conditions. The results show che influence of 
the orifice geometry and fluid viscosity on the 
performance of this novel deformation process.
ANALYSIS
The analysis is based on the schematic diagram shown 
in Fig la, b and the following assumptions have been taken 
inco account:
1 Viscous fluid has Newtonian characteristics;
2 Flow is laminar axial and isothermal condition
fh* (i)
According to the gemetrical configuration of the 
unit gap 'h'1 is constant in section B and che gap 'h' 
varies along x in section A. Therefore the pressure is 
generated only in section 'A1. If we consider the taken 
section ins'cantaneoulsy, the hydrostatic condition could 
be assumed. Hence in the analysis the pressure generated 
on section A is assumed to acc equally in Che seccion B.
For Che stepped configuration che maximum pressure
'P ' at che step, when no deformacion occurs can be m r *
worked out from continuity of flow and, is given by
p . 6Pv(h| - h,) 
m |h '/L, ♦ h’/L,}
And che shear stresses on che surface of scrip in 
section A and B are given by
" - - f -  if2! - rI Li h]
Ti
Plastic Onset
pv
h.
(2)
(3)
(4)
For the present situation Von Mises yield criceria 
takes che form
P, ♦ oxi yi (5)
Let che deformacion take place at a point distant 
from entry, the force equi1ibrium in inlet zone with 
combination to equacion (3) gives
y l
2t i c I 2tiW| L i
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PLASTIC REGION
Hydrodynamic Pressure and Shear Stresses
Assuming linear profile of deformation, the 
deformacion geomeCry shown in Fig la, b
h^ « h| ♦ b* ---------------------------
h ! - h, ♦ b 'x ------- :------------------1
t. ■ Ci - 2bx --------------------------1
W. ■ W; - 2b'x -------------------------
(7)
(8) 
(9)
( 10)
Referring to Fig 1, equation (I) could be written in 
the form
- k  [hi(^iJ- 6pvb (M)
The expression for hydrodynamic pressure 'P.' at any
point in deformacion zone could be obtained by caking 
double integration wrt x of equacion (it) and is
P. . fJlL _ J_ ♦ _L_1 ♦ Ln. rx + i b • 2h *. h. 2h,J L, 1 I 2b i t
_ M i ______________________ _______2bhl. ( 12)
And expressions for shear stress in this region are
Axial Stress
Assuming p : - p.
Levy-Mises flow rule gives
dt C. dw
( 13) 
( 14)
(15)
( 16)
Consider a small element in the deformacion zone as 
shown in Fig 2. The equilibrium of forces in x direction, 
in combination with equations (15) and (16) yields
dox ibdx r - II - 11] c. 1 yi b 1)™t ! (17)
Equacion ( 17) is the governing equation to determine 
the axial stress in the deformacion zone.
From equations (9), (10) and (16)
b' - mb
where 'm' is constant and equal to the ratio of initial 
width to initial thickness.
Plastic Deformation
The material will continue to deform plastically 
until the yield criterion
P. ♦ ox. - y.1 l 7»
is satisfied.
Assuming linear strain hardening 
y. - yj + kc
where e » In {ll} 
a j
2 In {1 1}t i
y; - yi + 2k In
Substituting values of y., T. and t ! into equation
(17), using partial fraction and applying boundary 
conditions che integration of the equation wrt x will give 
an expression to determine the axial stress 'ox.' at any
point in the deformacion zone. In the simplified form it 
Cakes che form
oxi • I ff1 ln * Bjln ^  + B>^ r  sr 1
—  {- - — } 1 2 ‘M  h? ■* B5 In
where
Bi
* ■?£ tln ♦ 0X1
2 C ] A i ♦ 4(Aj + Aj) j. 4Ci(Am ♦ A, ) * 2t ’ As ♦ 8A& 
( c i «■ 2h,)1 (t, f 2hi)’
2A?b ..* Cb't,— 2bh,)- * 4by*
t: A i ♦ 2(A, + A,) 2ti(Ai, + A,) + t^A 5 ♦ 4At 
’ (t, ♦ 2h,)< (t, ♦ 2h ,)*
B,
Bj
(A, A, ) - ht At(11 ♦ 2hi)
A6 * hlAs - hi(A>« ♦ A j)
t i(A '.■i- Aj) - 2h i(t i + hi )As » 2As (11 ♦ 2hi ) i
(ti ♦ 2hi)
b :A,
As
A 7
RESULTS
b '11 «• 2bh, ’ 
A i - 8 pv, A,
6pvh,b 4
B6
2pvh i , 
6pv,
8bK
L.
b L|
2pvb
b'
A number of sample calculations have been made using 
equations derived in foregoing section to show,
(a) the dependence of pressure generation and ocher 
parameters on geometry of the unit
(b) the influence of fluid viscosity and drawing speed 
on the process
The standard input data used was
Inlet length, L| « 90 mm; Outlet length, L, - 30 mm; 
Initial thickness, t| - 1.58 mm; Initial width,
W| - 12.68 mm
Initial gap, h| in section A - 0.5 mm 
Final gap, h, in section A - 0.02 rnrn 
Initial and final gap, h, in section B ■ 0.5 mm 
Initial yield stress, yi - 50 MNm-*
Material strain hardening constant, K - 700 MNm“*
Initial viscosity, p - 100 NSnT*
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Discuss ion
Figures 3, 4, 5 demonst rate the effect of fluid 
viscosity on clie generated maximum pressure, initiation of 
yielding and the percentage reduction in area of the strip 
respectively. These figures suggest thac using a more 
viscous fluid the plastic region could be increased and 
which in turn will cause significantly more deformation.
The effect of gap ratio (initial gap) on the percentage 
reduction in area is presented in Fig 6. These results 
demonstrate that variation in gap ratio has little effect 
on the total attainable reduction in area but it limits 
the range of drawing speeds. The distribution of axial 
stress at various drawing speeds is presented in Fig 7.
Conclus ion
1 The predicted combined effect of hydrodynamic 
pressure and axial stress are sufficiently high enough to 
induce plastic yielding of the material.
2 The achieved reduction in area is dependent on the 
geometry of DRU and the viscosity of the pressure medium.
Finally the analysis presented in this paper leads 
to the prediction that a reduction in area of rectangular 
and square sections in the excess of 40 percent could be 
achieved by using this novel technique.
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ABSTRACT
Plasto-hydrodynamic drawing of circular cross-sectional wire has been 
modelled in references (1,3&4). The deformation of the wire in this 
novel process is caused by combined effect of axial pull and radial 
pressure generated due to hydrodynamic action of a polymer melt. No 
conventional dies are used in this process and the smallest bore size of 
the hydrodynamic pressure unit is larger than the undeformed wire, hence 
no metal to metal contact takes place.
In this study, a mathematical model has been developed to predict the 
reduction in area of a rectangular cross-sectional narrow strip pulled 
through a hydrodynamic unit. The effect of the heat generated by 
mechanical dissipation on the polymer melt during the drawing process is 
considered by.coupling the energy equation into the analysis and 
allowing the polymer viscosity to be dependant on temperature.
The analytical results enable predictions to be made of the deformation 
of the strip and the effects of geometry of the hydrodynamic unit and
A  n
viscosity of the melt.
INTRODUCTION
Hasto-hydrodynamic drawing is a novel process in which the cross-sectional area 
of a solid continuum can be reduced and polymer coated without using any 
conventional reduction die. One of the features of the process is that 
it is possible to vary the magnitude of the reduction in area of the 
continuum by changing the drawing speed. In this novel technique the 
material is deformed plastically by the combined effect of drag force 
and hydrodynamic pressure generated by the converging flow of a viscous 
fluid, which is enhanced by using a polymer melt. The dimensions of the 
reduction unit are larger than the undeformed continuum, hence there is 
no metal to metal contact, eliminating the problem of frictional wear.
Symmons et al (1) have analysed the process jr wire drawing using a 
stepped bore orifice in conjunction with a polymer melt as a pressure 
medium. It was assumed that the Polymer melt behaves like a Newtonian 
fluid and isothermal conditions exist. Hashmi et al (2) presented a 
paper for drawling a solid continuum through a tapered tubular orifice. 
Parvinmehr et al (3) developed a non-Newtonian analysis for die-less 
wire drawing introducing a critical shear stress limit in his analysis. 
Symmons et al (4) modified analysis presented in reference 1 and 
included the pressure dependence of the melt viscosity of exponential 
form. Memon (5) conducted a theoretical treatment of the process for 
a rectangular cross-sectional strip drawing, assuming Newtonian fluid 
flow and isothermal conditions to exist.
In all previous theoretical models reviewed above, the assumption of 
isothermal conditions prevails, and the effect of the heat generation 
due to plastic deformation of the material and viscous shear friction 
had been ignored. This is of importance in many cases where the heat 
generated may produce significant temperature variations and associated 
large viscosity variations. The viscosity of the melt is a vital factor 
affecting shear stress and hydrodynamic pressure, which in turn will 
effect the obtainable reduction in area and polymer coating thickness.
It can be seen from the data (reference 6) indicating the temperature 
dependence of polymer melt viscosity at a constant stress and pressure 
that increasing a temperature by 40° C the melt viscosity of different 
polymers is changed by a factor from 2-15.
An attempt has been made in the present investigation to include the 
viscosity-temperature dependence and the process has been analysed 
theoretically for strip drawing. The main assumptions regarding to the 
mode of plastic deformation are the same as used in reference 5.
The theoretical results are presented in graphical form demonstrating 
the effect of different operating conditions on the hydrodynamic 
pressure, the axial stress in the strip and the reduction in area.
The analysis is based upon the geometrical configuration shown in 
figure 1. To formulate the expressions for different parameters the
1. The temperature in the fluid is constant along the direction of 
flow but varies in the section of polymer melt that is
T = T(y) in Section A and T = T(z) in Section B.
2. The viscosity temperature dependence is given by equation
-uTh =
where jj0 is the initial viscosity at a reference temperature.
Determination of maximum pressure prior to deformation 
The basic equations for a Newtonian flow are
ANALYSIS
following assumptions were made in addition to those used in reference 5.
(1)
3p _ 3T (2)3x 3y
3u _ 1 3p Ci
3y y ox p (3)
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Combining equations (1) and (2), the velocity distribution equation, 
introducing viscosity as a function of *y' ie jj = p(y), is given by
-d yf v' y
u ■ U t f t  dy' + Cl
+   (4)
jj (y ) 2
where Ci and C2 are constants of integration and can be evaluated by 
applying boundary conditions that u = o at y = l^and u = Ui at y = o.
The flow rate in the inlet zone is given by
o = 3x (hiKi-K2) + Ci(hiKo-Ki) + Uihi ----  (5)
where C! = U l + K l ( |r)l ----- (6)
h! K»i n j •v dy *
a n d  K  =  J p ( y ') , n  =  0 » i >  2   ( 7 )n o
from steady state flow it can be shown that
(.|)l . —  (8)
cjX  L i
In the similar way equation for flow rate Q2 in exit zone can be 
determined and by equating Qx = Q2 the equation for maximum pressure Pm 
at step when no deformation occurs can be determined and is given by
PH = U!L!L2 (K*K0-K].Ko)   (9)
K;L2 (K?-K2K 0) + K 0Li (K{2 -K2 K I )  
h.
where K’ = n
 ^ n dy’
h(y') n = 0, 1, 2   (10)
From equations (1) and (2), the equation for shear stress in the inlet 
zone at the surface of strip can be established by using boundary 
conditions that t = Ti at y = o
Ti = _ i t (Ui + ^ if5i) —  (11)
To determine the parameter and K^ , the energy equation has been used 
which in reduced form considering thermal energy generated by viscous 
friction is given by
H 5 F  ‘ u  (d?}   (12)
Substituting for Ci equation (3) gives
(JP)du = 1 ^  v _ Ui + Ki 3x ____dy »  W  y pKc
For the present applications, here the following assumptions are made
that Ui >> Ki ~  and Ui >> — *■“  y hence from equation (13)9x p 9 x
. du = JJl 
* * dy “ pK0
Substituting this value of ~  into equation (12)dy
d2 T U25 L _ £ -----------rJ—    ( 1 4 )dy2 HjjK20 .
Integrating the above equation, and introducing viscosity - temperature 
relationship with a boundary condition that T = o at y = hi
(lj)2 = Di (B-eaT) ----  (15)
^  = + v^T (B-eaT) ^ o<y<|^ -   (16)
g  (B-e“V  hj<y<hi ___ (,7)
Where =   (18)
B - 1 + — ------ (19)
dT liby symmetry ~  = o at y = ~  ie T reaches maximum value Tm Hence from dy * z
equation (15)
Tm = - In B   (20)a
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Rearranging equation (16) and integrating/ aT n r/ B-e - / BIn
/_ a T / B-e +
- >'t)i y + C, (21)
Applying boundary condition that T = Tm at y = ~
(22)
Again applying boundary condition that T = o at y = o
c l / E
ln /iM- vfr~ 
yE-~ 1 +
(23)
Equating equa ons (22) and (23) and simplification gives
12
1
ex /DiB ln
/1F7 - /b"
/B— 1 + /B
(24)
Substituting value of Aj from equation (18) into equation 24 gives / BU2i h2' o.2H jj, (25)
In /B- 1 + /B
- v'b"
Substituting value for C from equation (23) into equation (21)
y = Ot /DiB
ln t4-eQT - J Tv/B-ea'i + / F
_J___
a/D^B
ln /B-1 ~ /B 
1 + v'^B
for o<y<-~*
-(26)
i
A  tl fliUMUW
In similar way from equation (17) with boundary condition T = o at y=hi.
v4-eaT - >¥y = “ a/DiB ln + A
1
av^lB
ln A A  - s r
y A A  + A ~
(27)
for hi . , ,-f < y < hr
From equation (6)hi_
' 2 HvKi =
K2 =
y dyh(y)
h i .2y2 dy u(y)
y dy hjj(y)
T T
hV d yh(y)tn
2
(28)
(29)
CiTSubstituting value of = p0e and for dy from equation (16), y from 
equation (26) in the first term; for dy from equation (17) and y from 
equation (27) in the second term; the integration of the equation (28) 
with the appropriate limits gives
Ki = 4v/B-T
a2peDi>/,B
ln v;B-1 -i- J T
A n  - A T (30)
Similarly substituting the respective values of *j, y, dy into equation 
(29), simplifying and integrating
K„ = 2
Tm aT
a2p0DiB
ln /B-eaT - AT
A - e ^  +
dT
4 v'jB-T
+ a3 DiBv'^Di'jj, ln /b-1 + vT (31)
The first part of the equation (31) on right hand side could be solved 
by numerical integration. Similarly values for Kd and Kfi can be 
obtained for exit zone in Section A and for Section B respectively.
a n rnuiuis
Shear Stress in Section B is given by
r, = ~ ( Ui + Ki' Pm ) (32)
Prediction of Yielding Point
Assuming that generated hydrodynamic pressure acts equally in both 
directions, Von-Mises yield criteria gives
cx! + Pi = y, (33)
Suppose that yielding starts at a point XI distance from entry point 
The equilibrium of forces in X direction at this point gives
ox. 2iiXl + 2t,XIti Wi (34)
Also Pi = Pm (35)
Substituting values of dXi and Pi equation (33) will give
X Pm, + 2ti + 2T, 
Ii ti Wi
(36)
Hydrodynamic Pressure in deformation zone
From equation (5) , for gap h^ in deformation zone
_d_
dx
h3 Cl I0 I2) (d^ )i 
1  ---------- = -U
dhi 
■ dx (37)
Where J = h.n+  ^ I n l n n = 0, 1, 2
and J = n
h.1 n  j
2_n(y)
Define p* = Ii6(11 - Io I*) (38)
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Equation ( 37 ) can be written in the form
_d_
dx h> &  dx = 6|j*U1
dhi
dx (39)
Equation (39) is the reduced form of Reynold’s equation with variable 
viscosity jj* which is assumed to remain constant along the length of 
unit.
It has been further assumed that the values of J and I in then n
deformation zone are same as those before deformation. With these 
assumptions the value of jj* can be calculated from equation (38)
Defining the deformation profile be given by
h. = hi + bx i (40)
Integration of equation (39) with appropriate boundary conditions will 
give
hr 1 1
2(hi+bx)2 (h:+bx) 2hi
Pm
Li 2b 2b (hi+bx)2
(41)
Axial Stress in deformation zone
Now tu = hi + bx   (42)
h! = h3 + b’x   (43)
t. = 11 - 2bx   (44)l
Wi = Wi - 2b 'x   (45)
Figure (2a) shows a small element isolated from the deformation zone. 
With the assumption = p! , Von-Mises flow rule will give
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and b ’ = mb (47)
where m = —  ti
The equation for velocity distribution in the deformation zone is
u = -L (iP) Zi + £1 +p* 2 p * (48)
Where Ci+ and C5 are constants and can be obtained by applying boundary 
conditions, and shear stress at the surface of strip along width face 
in deformation zone is given by
T. = - hi (|E). - 1 3x 1 h.2 1
(4o'*
Substituting values of h. and (-^-) . from equations (42) and (39)
X  u X  X
respectively into equation (49)
T. =1 P*Ui * , , ,  . . , Pmh3i N(hi+bx)2 ( 1 2y*UiLi (50)
And the shear stress along thickness face is given by
JJ*Ui*  _ (h, + bk)
i 2
6p*Uibx Pm(h3i) 
(hi+bx)3 Li(hi+bx)3 (h3 +bk) (51)
The force equilibrium in x-direction for small element shown in figure 
(2) gives
dGx, 2b dx ti~2bx 2Y. - ~  1 b
Tf
b ’ (52)
Where is the current value of yield stress. 
Assuming non-linear strain hardening
Yi = y 0 + A e 11 = y0 + A ln(f-) a . = y„ + 2nA 1 b £1 1
n
(53)
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Substituting for Y^, T\, \ integration w.r.to x of equation (52) 
will give
_ _Bi, /t i v , B, - ,hj-v B, ,1 1 x B4 (-1 1 v
i 2b (t.^  b n hi b (hi "h.^ 2b (h2i " h2. ^ i l l
, B5 , ,hi\ , B6
+ P  ln (h7} + 2 R P T T
—  —  n+1
In (|i) 
i
+  O X i (54)
. t> 2tiAi + 4 (A, +A,) 4ti (Aii+A7)+2tf A5+8A6 2bAe A
1 (ti+2hi)2 (ti+2hi)3 b,ti+2bh, 5
r = tjAi+2(A,+A,) 2ti(Au+A, ) + t2i A 5+4A 62 (ti+2hi)2 (ti+2hi)3
■o _  A, +A,-Aihi ti(Au+A,)~2Ashi(ti+hj) + 2A6
3 ' (ti+2hi) (ti+2hi)2
 ^ _ Ag + A^h2! - (Au + A7)h 1Dl*------------------------(ti + 2hi)
b ’ A<
(b’ti + 2bh,) 12 - on+2 , A, B6 — 2 bA
And Ai = 8plTi A2 = 2pUihi
A _ Pmh3i 
Aa Li Au = 6jUibh,b f
As = 6 jjLt i Ac = Pmh3i h, b b ’Li
A7 = Pmh3i Ab = 2j5Uib 
b ’
A9 = 4bX,
Prediction of Percentage reduction in area
Again using Von-Mises yield criteria, the deformation will occur when- 
the equation
is satisfied.
It is assumed that the deformation ceases at x = Li~XI, the values of 
and Qxi and are substituted into equation (55) from equations 
(41) and (54) and (53) respectively. The parameter Tb ' is the only 
unknown parameter for a given drawing speed and the unit geometry. 
Equation (55) may be iterated to establish the value of b: Once this 
value is established, the reduction in area at any point for Xl<X<Li 
is given by
PRA = (1 - x 100   (56)Witi
RESULTS AND DISCUSSION
Equations derived in previous section were solved on computer using 
the following data
hi = 0.24mm , d4 II 0.02mm » h, = 0.3mm
Li = 12 0mm , -2 L2 = 30mm —2 » "o =
100 Nsm
y0 = 6 MNm , A = 70MNm > n = 0.54
ii 
n
rH 1 .59mm , 
0.2 W/mK
Wi = 12.5mm » a  - 0.3/K
Results obtained from computer were in tabular form and are presented 
in graphical form in figures(3-9).
The predicted percentage reduction in area of strip is shown in
figures (3-5). The characteristic feature of these figures is a
critical speed for each set of conditions. Any increase in the speed
beyond that value causes a decrease in obtainable reduction. These
figures also demonstrate the possible effect of the gap ratio, thermal
conductivity and temperature dependance coefficient on the attainable 
reduction.
Figures (6-9)present the results showing the effect of thermal 
conductivity and temperature dependance coefficient of the polymer melt 
on pressure and axial stress at the step. These figures suggest that 
these parameters have little effect on the pressure but they effect 
significantly on the axial stress, which is consistent with the 
obtainable reduction in area.
Conclusions
The results obtained from the present analysis suggest that
1 It is possible to get a reduction of more than 30% in area of the 
strip by applying this novel technique.
2 There is a critical value of speed and beyond that value the 
achieved reduction starts to decrease.
3 More reduction could be achieved using a fluid of higher thermal 
conductivity and lower value of temperature dependence coefficient.
Notations
L = Length of unit
h = Gap between the strip and die less unit
t = Thickness of the strip
W = Width of the strip
x = Distance along the unit
jj = Viscosity of the polymer
jj* = Viscosity in the reduced Reynolds equation
a = Viscosity temperature dependency constant
H = Thermal conductivity of polymer melt
Y = Yield stress of the strip material
A = Strain hardening constant
n = Strain hardening index
u = Poiymer melt velocity
P = Pressure at any point within DRU
T = Shear stress on strip surface
A H MEMON
ax = Axial Stress
b = Factor determining theoretical deformation profile for
thickness
b1 = Factor determining theoretical deformation profile for width
X 1 = Point of yielding
RH = Gap ratio, hj,^
PRA = Percentage reduction in area 
subscript  ^ = relates to deformation zone
Ci, C2 ....  Cg are constants of integration
Kn, KA, Kfi, B, Di and 1^  are computation variables
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